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Abstract
We construct higher derivative supervertices in an effective theory of maximal su-
pergravity in various dimensions, in the super spinor helicity formalism, and derive
non-renormalization conditions on up to 14-derivative order couplings from supersym-
metry. These non-renormalization conditions include Laplace type equations on the
coefficients of R4, D4R4, and D6R4 couplings. We also find additional constraining
equations, which are consistent with previously known results in the effective action of
toroidally compactified type II string theory, and elucidate many features thereof.ar
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1
1 Introduction
Over the last few decades, tremendous insights into quantum field theories and quantum
gravity were gained through the study of maximally supersymmetric theories [1–11]. The
constraints of maximal supersymmetry on the dynamics have been investigated extensively
[12–29], and yet much remains to be understood [10, 30–38]. The goal of this paper is to
explore the constraints on higher derivative couplings in an effective theory of gravity with
32 supersymmetries, in various spacetime dimensions, from the superamplitude perspective.
We will derive a set of non-renormalization conditions on F-term couplings of 8, 12, and 14
derivative orders, extending the result of [28] on type IIB supergravity in ten dimensions. Our
results are in agreement with [39–41], in which the supersymmetry invariants are analyzed
using the harmonic superspace formalism. These non-renormalization conditions constrain
the quantum effective action of toroidal compactifications of type II superstring theories,
and appear to be consistent with, and explain many features of, the previous proposals on
these F-term couplings [13,16,21].
The ordinary two-derivative maximal supergravity theory, at the classical level, is by
now a well understood subject [42–45]. Higher derivative supergravity theories, on the other
hand, are notoriously difficult to handle. In the standard component field Lagrangian formu-
lation, the maximal supersymmetry can only be realized on-shell,1 and the supersymmetry
transformations of the fields must be deformed to accommodate the higher derivative F-term
couplings [15,22,39–41]. Furthermore, the Lagrangian description harbors the redundancy of
field redefinitions, and often obscures underlying symmetries [7,8,47,48]. Important progress,
nonetheless, has been made in the on-shell superspace formalism [32,45,49–51].
Both the complication of nonlinear deformations of supersymmetry transformations and
the ambiguity of field redefinitions are evaded in the superamplitude approach [31,48,52,53].
One key point is that supersymmetry acts linearly on the amplitudes, and the nonlinearity
in the supersymmetry transformation of fields are now hidden in the factorization relations
among the amplitudes (tree level unitarity). Instead of trying to classify and constrain
terms in the Lagrangian, we will focus on constraining local on-shell vertices that obey
supersymmetry Ward identities, i.e. supervertices. The supervertices are basic building
blocks of superamplitudes, and are in correspondence with possible first order deformations
of the theory, by higher dimensional operators that are compatible with supersymmetry.
Thinking in terms of supervertices, rather than Lagrangian couplings, allows for a much
more efficient way of organizing supersymmetric deformations.
1See however [46] for an elegant off-shell approach based on pure spinor superspace. It is not yet known
how to extend this formalism to include R4 terms.
2
1.1 On the construction and classification of supervertices
In order to formulate the supervertices, and superamplitudes in general, we will work in the
super spinor helicity formalism in various spacetime dimensions. We adopt the formalism
of [54, 55], parameterizing 1-particle states of the supergraviton multiplet with the spinor
helicity ζ and Grassmann variables η. The basic idea is to split the 32 supercharges into 16
supermomenta Q ∼ ζη and 16 superderivatives Q ∼ ζ∂/∂η. This can be done straightfor-
wardly in type IIB supergravity in 10 dimensions, and in all maximal supergravity theories in
dimension D ≤ 9. A typical superamplitude can be written in a way that is manifestly invari-
ant with respect to the Q’s, while the nontrivial supersymmetry Ward identities associated
with Q will be expressed as a set of first order differential equations in η.
In section 3, we will give the explicit definitions of the super spinor helicity variables ζ, η
in spacetime dimensions from 10 to 3, and construct supervertices in each case. One basic
class of supervertices, which we refer to as D-term vertices, take the form δ16(Q)Q
16P(ζi, ηi),
where P stands for a function of the super spinor helicity variables ζi, ηi associated with
the external particles (labeled by i = 1, · · · , n), that is Lorentz invariant and little group
invariant. The supersymmetry Ward identities are automatically satisfied. In the maximal
supergravity theories, the D-term supervertices correspond to Lagrangian deformations at
16-derivative order and higher. We will not have much to say about their coefficients in an
effective action, whose moduli dependence is not determined by supersymmetry alone.
The local supervertices that are not of the D-term type will be referred to as F-term
supervertices. They arise at 8, 12, and 14-derivative orders,2 of the form δ16(Q)F(ζi, ηi),
where F is a polynomial in the super spinor helicity variables. If F(ζi, ηi) is independent of
η, then it is obviously annihilated by Q ∼ ζ∂/∂η, and therefore the supersymmetry Ward
identities are immediately satisfied. Generally, F may depend on ηi and is annihilated by Q
up to Q-exact terms.
The F-term supervertices can be constructed in three ways: 1
2
BPS vertices of the
schematic form Q16F , where F is annihilated by half of the 32 supercharges; 1
4
BPS vertices
of the form Q24G, where G is annihilated by 8 supercharges, and 1
8
BPS vertices of the form
Q28H, where H is annihilated by 4 supercharges. The 1
4
BPS supervertices only appear at
12-derivative order and higher, and the 1
8
BPS supervertices only appear at 14-derivative
order and higher.3
In dimension D ≤ 7, it appears that all 1
2
BPS F-term supervertices can be obtained from
2We do not know any 16-derivative or higher order supervertices that are not D-terms, but we have not
ruled out this possibility.
3One should constrast the terminology of BPS vertices here with the usual notion of BPS operators, as
all the BPS vertices refer to fully supersymmetric deformations of the theory. In particular, the “less BPS”
supervertices are special cases of “more BPS” supervertices.
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δ16(Q)f(sij) by rotating with the compact R-symmetry group H. In dimensions D = 8 and
9, there are exceptional 1
2
BPS supervertices that do not fall into this class.4 Their explicit
constructions will be explained in section 3 and 4.
The construction of the 1
4
and 1
8
BPS supervertices is more intricate. They do not arise
in ten-dimensional type IIB supergravity theories. In section 3, we will construct 1
4
and 1
8
BPS supervertices at 12 and 14 derivative orders in various dimensions. We find it most
convenient to construct these supervertices in D ≤ 5, due to the very large R-symmetry
groups in lower dimensions. In principle, all such supervertices in higher dimensions can be
obtained from the lower dimensional cases by the uplifting procedure described in section 4.
The existence of these supervertices has important implications on the moduli dependence
of D4R4 and D6R4 couplings.
1.2 Moduli dependence and non-renormalization conditions
As already mentioned, the supervertices classify supersymmetric (higher derivative) defor-
mations of an effective supergravity action. The coefficient of a supervertex is generally a
function of the vacuum expectation values of the massless scalars. In maximal supergravity
theories, these scalar fields parameterize a coset manifold of the form G/H, where G is a
noncompact Lie group and H a maximal compact subgroup [42,56–58]. Note that while G is
a nonlinearly realized symmetry of the two-derivative supergravity theory, it will be broken
explicitly by the higher derivative F-term couplings of consideration.
We would like to constrain the coefficients of these supervertices as a function of the
scalar moduli fields. In the context of the effective theory of massless fields of a toroidally
compactified type II string theory, this includes determining the coupling dependence of
the supervertex, which captures perturbative as well as non-perturbative contributions to
the effective action. For this reason, we refer to such supersymmetry constraints as “non-
renormalization conditions”.
For instance, the 4-point superamplitude at 8-derivative order cannot factorize through
cubic vertices, by momentum power counting. Such an amplitude must be local, and is
thus a supervertex of the form f(φI)δ16(Q), where the coefficient f(φI) is a function of the
scalar vevs. In the Lagrangian language, this supervertex is generated by a coupling of
the form f(φI)R4 + · · · , where R4 stands for an appropriate contraction of four Riemann
tensors, and φI are the moduli fields. By varying the scalar fields, φI = φI0 + δφ
I , we then
obtain (4 + k)-point vertices, which includes scalar-graviton couplings of the schematic form
(∇φ0)kf(φ0)(δφ)kR4. This can also be understood purely from the amplitude perspective,
4This has to do with the fact that the compact R-symmetry group is semisimple only for D ≤ 7.
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as a relation between an amplitude with soft scalar emissions and the moduli dependence of
a lower point amplitude without the external scalars, as explained in section 2.
Importantly, not all such couplings obtained by expanding the scalar dependence of
f(φI)R4 + · · · correspond to local supervertices. We will see that some couplings of the
form (δφ)kR4, or the corresponding on-shell scalar-graviton vertices, do not admit local
supersymmetric completions. That is, they are not components of any supervertex, but
rather components (or appropriate soft limits) of a nonlocal superamplitude. When this
occurs, such a coupling or component vertex is determined (through supersymmetry Ward
identities) entirely by the residues of the superamplitude on its poles, which factorize through
lower point supervertices.
In the case of the R4 supervertex, this leads to a linear relation between the Hessian
of f(φI) and f(φI) itself, which amounts to a set of second order differential equations for
f(φI). For the general higher derivative F-terms, such relations among the derivatives of the
coefficient functions f(φI) may be nonlinear, depending on the factorization structure of the
superamplitude of question.
The factorization structure of the superamplitude determines the differential equation on
f(φI) up to the numerical coefficients. While the latter can in principle be fixed by solving
supersymmetry Ward identities, in practice this is not easy to do directly, due to the con-
straints on the spinor helicity variables in general dimensions. In practice, there is a short
cut, thanks to superstring perturbation theory. Namely, once the general structure of the
differential equation for f(φI) is known, the precise coefficients can be fixed by comparison
with any known set of (sufficiently nontrivial) amplitudes that obey supersymmetry Ward
identities and perturbative unitarity. In most cases, comparison with tree level and possi-
bly one-loop results from type II string theory allows for fixing these differential equations
completely.
In section 5, we explicitly analyze these differential equations for the coefficients of the R4,
or the corresponding supervertex, in a maximally supersymmetric gravity theory in 6, 7, 8, 9
dimensions. In addition to the constraints on the Laplacian of the coefficient function, as
was proposed in [59,60], we also find extra constraining relations. Our results agree precisely
with the proposals of [59,60] for the effective action of type II string theory compactified on
a torus. In these cases, the supersymmetry constraints are sufficiently powerful such that,
when combined with the assumption of U-duality, they fix the answer completely.
We also analyze the coefficients of D4R4 and D6R4 couplings in D ≤ 5. It will turn out
that, due to the existence of 6-point, 1
4
BPS operators, the second order differential equations
are not all the constraints, and there will be independent third order differential constraints.
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The significance of these higher order derivative constraints was recognized in [39–41].5
Our method for constructing supervertices is particularly convenient in lower dimensions,
due to the larger R-symmetry group. A useful dimensional uplifting procedure is introduced
in section 4. Namely, one may first construct a supervertex in a lower dimensional supergrav-
ity theory, which may be viewed as a candidate supervertex of a higher dimensional theory
with particle momenta restricted in a sub-spacetime, and then demand Lorentz invariance
in the higher dimensional theory. We use this method to uplift some supervertices to eleven
dimensional supergravity, which may be used to constrain the M-theory effective action.
Although we do not have a complete proof, it appears that the only F-term supervertices
that can be lifted to 11 dimensions are the 4-point supervertices for R4, D4R4, and D6R4
couplings. The coefficients of these terms in the M-theory effective action are previously
known by comparison with exact results in compactified theories [21, 61–63]. This should
allow for, in principle, the determination by supersymmetry of up to R7 couplings in the
M-theory effective action.6
2 Soft limits in higher derivative supergravity theories
A key ingredient in formulating the supersymmetry constraints on an effective action is
that we can expand the coupling coefficient in the scalar moduli fields around their vacuum
expectation value, and obtain higher point coupling and the corresponding on-shell vertices.
The latter will then be constrained by the supersymmetry Ward identity on the amplitudes.
For instance, suppose there is an 8-derivative coupling of the form f(φI0)R
4, where φI0 are
the vevs of the scalars. By expanding φI = φI0 + δφ
I , we also obtain couplings of the form
1
n!
∂I1 · · · ∂Inf(φ0)δφI1 · · · δφInR4. Such a coupling gives rise to a (4 + n)-point vertex with 4
gravitons and n scalars, which may or may not admit a local supersymmetric completion.
In practice, in order to carry out perturbation theory with the scalar kinetic term governed
by a nonlinear sigma model, it is convenient to work in the Riemann normal coordinates
centered at the point on the scalar manifold corresponding to the vev φI0. This is so that the
cubic terms in the fluctuation fields δφI are eliminated. In passing to a general coordinate
system φI , we can then replace the ordinary derivative at φ0 by the covariant derivative
defined through the Levi-Civita connection on the scalar manifold. Thus, the coefficient
of the higher point vertices generated by expanding f(φI) should be given in terms of the
covariant derivatives of f , namely 1
n!
∇(I1 · · · ∇In)f(φ0).
5We thank G. Bossard for emphasizing this to us.
6In practice, this is most easily done by constraining the superamplitudes, order by order in the momentum
expansion.
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Let GIJ(φ) be the moduli space metric, and denote by |δφI(k)〉 the 1-particle state created
by the field operator δφI , at momentum k. In terms of the amplitudes, the expansion in the
fluctuation of scalar moduli fields can be characterized by a soft relation, of the form [64,65]
(see Figure 1)
lim
k→0
A(δφI(k), {ψi(pi)}) = GIJ(φ0)∇JA({ψi(pi)}). (2.1)
Here ψi(pi) represents other external particles, A is the scattering amplitude in the vacuum
where φI acquires expectation value φI0. The LHS is the amplitude with the emission of
an extra soft scalar δφI . If {ψi(pi)} involves the scalar particles created by some δφK ,
A({ψi(pi)}) as a function of the scalar vev φ0 should be viewed as a tensor with respect
to coordinate transformations on the scalar manifold, and ∇J is defined as the appropriate
tensor covariant derivative with respect to φJ0 .
⋯δφI(k) k→0−−→ ⋯GIJ∇J
Figure 1: Single soft limit of a superamplitude and its relation to the lower point supervertex.
The relation (2.1) can also be understood from the perspective of perturbative string am-
plitudes. Let us consider type II string tree level amplitude for simplicity. Moving along the
moduli space of vacua, the worldsheet CFT is marginally deformed, which to leading order
in conformal perturbation theory corresponds to an insertion of δφI
∫
d2z G− 1
2
G− 1
2
VI in the
sphere correlation function. Here VI is a superconformal primary of weight (12 , 12) represent-
ing the state |δφI(k)〉 at momentum k = 0. This corresponds to the soft emission amplitude
of δφI . In the presence of vertex operators of other scalar moduli fields in the correlation
function, there are contact terms in the OPEs between them and G− 1
2
G− 1
2
VI , which involves
the Levi-Civita connection on the scalar manifold (moduli space of the worldsheet CFT) [66].
Higher order contributions in conformal perturbation theory involve multiple insertions of
the integrated marginal operator, which would lead to more complicated contact terms.
It is well known that the two-derivative supergravity theory has a nonlinearly realized
global symmetry G, which is spontaneously broken by the scalar vev to a compact subgroup
H. The scalar manifold can be identified with the coset space G/H.7 In this case, the
7The local geometry of the scalar manifold can be understood easily from the scalar 4-point amplitude
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scalars φI may be viewed as Nambu-Goldstone bosons, and the RHS (2.1) vanishes. This is
a version of the single soft pion theorem [65,67].
The higher derivative couplings considered in this paper, on the other hand, generally
break G, as well as the subgroup H, explicitly. With such couplings viewed as deformations
of the Lagrangian, of the schematic form
L = L(2) +O, (2.2)
where L(2) is the two-derivative supergravity Lagrangian, the relation (2.1) can be derived
by considering the matrix elements of
∫
dDxO between in and out asymptotic states in
the two-derivative supergravity theory. In other words, the amplitude with a soft scalar
emission no longer vanishes, but is now related to the derivative of a lower point amplitude
with respect to the moduli.
We will also need a soft relation that involves two soft scalar emissions.8 Generally, the
simultaneous double soft limit contains singular terms [65, 67], which involves the structure
constants of the group G, as well as potential soft graviton poles. However, for our purpose,
it suffices to consider the symmetrized consecutive soft limit which is non-singular, and takes
the form (by applying (2.1) twice)
1
2
(
lim
k1→0
lim
k2→0
+ lim
k2→0
lim
k1→0
)
A(δφI(k1), δφJ(k2), {ψi(pi)}) = G(IK(φ0)GJ)L(φ0)∇K∇LA({ψi(pi)}).
(2.3)
In the following sections, we will see that the LHS is often constrained by supersymmetry
Ward identities, which then leads to a second order differential equation on the moduli
dependence of the amplitude A({ψi(pi)}).
3 Supervertices in maximal supergravity theories
We shall begin with the super spinor helicity formalism in ten-dimensional type IIB super-
gravity [55], and review the construction of supervertices in [28]. The bosonic spinor helicity
variable for the supergraviton takes the form ζαA, where α is an SO(1, 9) spinor index,
and A = 1, · · · , 8 an SO(8) little group spinor index. ζαA is constrained through the null
in the two-derivative supergravity theory. The latter is the scalar component of a 4-point superamplitude
of the form δ16(Q)/(stu) (see section 3 for the super spinor helicity notation). Comparison with the 4-point
tree amplitude of the nonlinear sigma model then determines the Riemann tensor of the scalar manifold to
be that of a symmetric space.
8See [68, 69] for recent results of double soft theorems in non-maximal supergravities and the extension
to soft fermions.
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momentum pm of the supergraviton via
pmδAB = Γ
m
αβζαAζβB, ζαAζβA =
1
2
pmΓ
m
αβ. (3.1)
One also introduces a set of Grassmann variables ηA that transform in the spinor represen-
tation of the SO(8) little group. The 1-particle states of the supergraviton multiplet will
be identified with polynomials in ηA. For instance, the dilaton-axion fluctuations δτ and
δτ (more precisely, the 1-particle states created by these field operators) are represented
by the monomials 1 and η8 ≡ ∏8A=1 ηA. The 2-form fields are represented by ηAηB and
1
6!
ABA1···A6ηA1 · · · ηA6 , and the 4-form field and the graviton are represented by degree 4
polynomials in ηA.
The 32 supercharges that act on the 1-particle state will be split into 16 supermomenta
and 16 superderivatives,
qα = ζαAηA, and qα = ζαA
∂
∂ηA
. (3.2)
They obey the supersymmetry algebra
{qα, qβ} =
1
2
pmΓ
m
αβ, {qα, qβ} = {qα, qβ} = 0. (3.3)
In terms of the supercharges qLα and q
R
α that arises from the left and right moving sectors of
type IIB string theory, we may identify qα =
1
2
(qLα + iq
R
α ), and qα =
1
2
(qLα − iqRα ).
An n-point superamplitude is the generating function for all amplitudes of n particles in
the supergraviton multiplet. It can be expressed as a function of the super spinor helicity
variables ζiαA, ηiA, where i = 1, · · · , n labels the particles. The 3-point superamplitude is
a local supervertex, and is completely fixed by maximal supersymmetry, to be given by the
tree level two-derivative supergravity cubic vertex [28, 55]. For n ≥ 4, the superamplitude
takes the form
A = δ10(P )δ16(Q)F(ζi, ηi). (3.4)
Here Pm stands for the total momentum, and Qα =
∑
i qiα is the total supermomenta.
F is a function of the super spinor helicity variables. We will be considering mostly tree
amplitudes built out of an effective action, that admits a well defined derivative expansion.
For this purpose, at a given order in momentum scaling, F will be a rational function of the
ζi’s.
By construction, (3.4) is annihilated by the 16 supermomenta Qα’s, due to the Grassmann
delta function δ16(Q) ≡ ∏αQα. The Ward identities associated with the superderivatives
Qα =
∑
i qiα, namely QαA = 0, imposes nontrivial constraints on the function F(ζi, ηi).
A basic set of building blocks for superamplitudes are on the on-shell supervertices, which
are defined to be superamplitudes with no poles in the momenta. The set of linearly indepen-
dent supervertices are in correspondence with the set of fully supersymmetric infinitesimal
9
deformations of an effective action. An obvious class of supervertices are the D-term vertices
of the form
δ16(Q)Q16P(ζi, ηi), (3.5)
where P is an arbitrary polynomial of the super spinor helicity variables that is invariant with
respect to Lorentz group, the little groups associated with each of the n external particles, and
permutation symmetry on the n particles. The δ10(P ) that enforces momentum conservation
will be omitted from now. Note that the Qα’s and Qα’s are on equal footing in (3.5).
A supervertex that is not of the D-term type will be referred to as an F-term supervertex.
A basic conjecture of [28], which can be verified by direct inspection on possible supervertices
at low derivative orders, is that the only F-term supervertices in a supergravity theory with
type IIB supersymmetry are of the form (for n ≥ 4)
δ16(Q)f(sij), (3.6)
and their CPT conjugates
f(sij)Q
16
n∏
i=1
η8i , (3.7)
where f is a polynomial in the Mandelstam variables sij = −(pi + pj)2.
The 4-point supervertex δ16(Q), for instance, corresponds to the unique supersymmetric
completion (at the linearized order) of the 8-derivative coupling of the form R4 + · · · . For
n > 4, the n-point 8-derivative supervertex δ16(Q) corresponds to (δτ)n−4R4 + · · · , and its
CPT conjugate corresponds to the coupling (δτ)n−4R4 + · · · . The two-derivative type IIB
supergravity theory has a nonlinearly realized SL(2,R) symmetry, whose U(1) subgroup is
linearly realized and acts on superamplitudes as
R = −1
4
∑
i
(
ηiA
∂
∂ηiA
− 4
)
. (3.8)
This symmetry will be explicitly broken by the supervertices of interest (in particular the
ones that arise in string theory), but nonetheless can be used to organize the supervertices
and superamplitudes. In particular, the n-point 8-derivative supervertex δ16(Q) has charge
n− 4 with respect to R.
In the rest of this section, we will consider the reduction of the type IIB super spinor he-
licity formalism to D-dimensions, 3 ≤ D ≤ 9.9 The D-dimensional, two-derivative maximal
supergravity theory has a nonlinearly realized noncompact symmetry group G, out of which
a maximal compact subgroup H is linearly realized. We refer to H as the R-symmetry group.
9In less than 3 spacetime dimensions, there is no quantum moduli space of vacua, and amplitudes cannot
depend on the scalar field expectation values.
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The higher derivative supervertices generally transform nontrivially under H. We will be
able to express the generators of H explicitly as linear operators that act on polynomials in
the Grassmann variables analogous to ηA.
A general class of n-point 8-derivative F-term supervertices can be constructed by starting
with an expression like δ16(Q) and then rotating by the action of H. The 1
2
BPS 12-derivative
and 14-derivative F-terms can be constructed similarly, from δ16(Q)
∑
i<j s
2
ij, δ
16(Q)
∑
i<j s
3
ij,
and δ16(Q)
∑
i<j<k s
3
ijk. Note that the latter two expressions give independent n-point ver-
tices only when n ≥ 6. It appears that all 1
2
BPS supervertices in D ≤ 7 dimensions are of
this form. In 8 and 9 dimensions, there are some exceptional 1
2
BPS supervertices, and a
detailed treatment of these supervertices will be given in section 4.
In dimension 9 and below, there are also 1
4
BPS supervertices, starting at 12-derivative,
6-point order, of the schematic form δ16(Q)Q8G(ηi). In dimension 7 and below, there are
1
8
BPS supervertices, of the schematic form δ16(Q)Q12H(ηi). We will give a conjecturally
exhaustive construction of the 12-derivative 1
4
BPS supervertices in D ≤ 5, and describe
some examples of (but not all) such supervertices in dimensions 6 ≤ D ≤ 9.
3.1 9D
We will denote by γm the 9 dimensional Gamma matrices, m = 0, · · · , 8. The spinor helicity
variable λαA of the supergraviton 1-particle state is related to the null momentum pm by
γmαβλαAλβB = δABp
m, λαAλαB = 0. (3.9)
Here α, β are SO(1, 8) spinor indices, and A,B are SO(7) little group spinor indices. Note
that (3.9) is a straightforward reduction of type IIB spinor helicity, with the momentum
restricted to nine dimensions. There is also an identity
λαAλβA =
1
2
γmαβpm. (3.10)
The supergraviton multiplet will be represented by monomials in the Grassmann parameters
ηA. There are three little group singlets, which we denote by 1, η
8 ≡ ∏A ηA, and η4
defined using the invariant anti-symmetric 4-form on the spinor representation of so(7).
They correspond to the three massless scalars in the 9D supergraviton multiplet. The 9D
two-derivative supergravity has a nonlinearly realized SL(2,R) × R+ symmetry. Two of
the scalars transform under the SL(2,R). Their fluctuations are denoted by δτ and δτ , and
correspond to the monomials 1 and η8 in the super spinor helicity notation. If we view the 9D
theory as a reduction of 11D supergravity on a torus, δτ and δτ correspond to deformations
of the complex modulus of the compactification torus. The third scalar, which we denote by
11
σ, parameterizes the area of the compactification torus. Its fluctuation δσ corresponds to η4
in super spinor helicity notation.
The supercharges are represented as
qα = λαAηA, qα = λαA
∂
∂ηA
. (3.11)
As already mentioned, we can write down an n-point, 8-derivative F-term supervertex δ16(Q)
and its CPT conjugate, for all n ≥ 4. They contain (δτ)n−4R4 and (δτ)n−4R4 couplings.
We will see in section 4 that there is an exceptional 5-point supervertex that contains
δσR4. This supervertex will be constructed by showing that a particular supervertex in 8D
can be lifted to a Lorentz invariant supervertex in 9D. It appears that this 5-point supervertex
together with the n-point (δτ)n−4R4 and (δτ)n−4R4 supervertices (n ≥ 4) described above
are the complete set of 8-derivative supervertices in 9D maximal supergravity theories. In
section 4, we will see that this classification of 8-derivative supervertices leads to a non-
renormalization condition that is precisely consistent with the proposed exact result for R4
coupling in the circle compactification of type II string theory [62].
At 12-derivative order, there is another exceptional 6-point supervertex that contains
couplings of schematic form D4(δσ)2R4. It will be constructed in section 4.2 by uplifting
from eight dimensions. Here in nine dimensions, we have not exhausted all the supervertices
at 12-derivative order and above. In principle, they should all be attainable from the uplifting
procedure, starting from D ≤ 5.
3.2 8D
The 8-dimensional super spinor helicity variables are λAI , λ˜
J
B˙
, and Grassmann variables
ηI , η˜I , where A and B˙ are chiral and anti-chiral spinor indices of SO(1, 7), and I is a spinor
index of the SO(6) little group (chiral or anti-chiral in the case of lower or upper index). λ
and λ˜ are related to the null momentum pm by10
pmδI
J = γm
AB˙
λAI λ˜B˙
J , λAI λ˜B˙
I =
1
2
pmγ
m
AB˙
. (3.12)
The 32 supercharges act on the 1-particle states as
qA = λAIη
I , q˜A˙ = λ˜A˙
I η˜I ,
q˜A = λAI
∂
∂η˜I
, qA˙ = λ˜A˙
I ∂
∂ηI
.
(3.13)
10It follows from the defining relations that λ, λ˜ also obey the Dirac equation pmλ
Iγm = pmγ
mλ˜J = 0.
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Our definition of λ, λ˜ leaves a GL(4) ambiguity, λAI → gIJλAJ , λ˜A˙I → (g−1)IJ λ˜A˙J . An
SU(4) subgroup of the GL(4) is identified with the little group in six dimensions. In the
Lorentzian signature, the GL(4) is fixed to SU(4) by the 8D reality condition relating λ
and λ˜.11 In the consideration of the analytic property of S-matrix elements, we need to
analytically continue in λ and λ˜, relaxing the reality condition. To do so, we can extend the
GL(4) transformation on λ, λ˜ to act on η, η˜ as well, leaving the momentum and supercharges
invariant. In constructing supervertices and superamplitudes, we should impose the invari-
ance with respect to the SL(4) subgroup, but not necessarily the diagonal GL(1), which
rescales the supermomenta q and q˜ oppositely.
The 8-dimensional two-derivative maximal supergravity has a nonlinearly realized global
symmetry G = SL(3)× SL(2), whose linearized realized compact R-symmetry subgroup is
H = SO(3)× SO(2). The generators of H are represented on the 1-particle states by
R+ = ηη˜, R− = ∂η∂η˜, R3 = −1
2
(η∂η + η˜∂η˜) + 2,
R′ =
1
4
(η∂η − η˜∂η˜).
(3.14)
The 7 scalar particles in the 8D supergraviton multiplet are represented by the monomials
(ηη˜)m, 0 ≤ m ≤ 4, and η4 ≡ 1
4!
IJKLη
IηJηKηL and η˜4. They transform in the representation
50 ⊕ 11 ⊕ 1−1 of SO(3)× SO(2).
The n-point supervertex δ16(Q) now transforms (as the lowest weight component) in a
spin 2(n− 4) representation of the SO(3), and is uncharged with respect to the SO(2).
There are also a pair of n-point supervertices that are charged under the SO(2), that are
CPT conjugates of one another, of the form
V −n = δ
8(QA)
8∏
A=1
Q˜A
n∏
i=1
η˜4i = δ
8(QA)
8∏
A=1
(
n∑
j=1
λiAI
∂
∂η˜iI
)
n∏
i=1
η˜4i ,
V +n = δ
8(Q˜A˙)
8∏
A=1
QA˙
n∏
i=1
η4i = δ
8(Q˜A˙)
8∏
A=1
(
n∑
j=1
λ˜iA˙
I ∂
∂ηiI
)
n∏
i=1
η4i .
(3.15)
Indeed, it is easy to verify that V ±n obey supersymmetry Ward identities, namely, they are
annihilated by QA, Q˜A˙, Q˜A, and QA˙. Note that V
±
n are SO(3) invariant, and have charge
±(n− 4) with respect to the SO(2) generator R′ = 1
4
∑
i(ηi∂ηi − η˜i∂η˜i).
We conjecture that V ±n together with the SO(3) orbit of δ
16(Q) give the complete set of
n-point 8-derivative supervertices in an 8D maximal supergravity theory. In section 4, we
will explain the relation between these vertices and those of the 7D maximal supergravity
11A similar situation happens for the familiar 4D spinor helicity variables.
13
theories. We will also see that this classification of supervertices is precisely consistent
with the proposal of [60] that in the toroidal compactification of superstring theory to 8
dimensions, the coefficient of R4 coupling in the effective action is the sum of a regularized
SL(3) Epstein series and an SL(2) Eisenstein series.
Starting at 12-derivative order, we can write n-point 1
4
BPS supervertices for n ≥ 6, of
the form
δ16(Q)Q8P(η4i ) = δ16(Q)
8∏
A=1
(
n∑
j=1
λ˜iA˙
I ∂
∂ηiI
)
P(η4i ), and
δ16(Q)Q˜8P(η˜4i ) = δ16(Q)
8∏
A=1
(
n∑
j=1
λiAI
∂
∂η˜iI
)
P(η˜4i ).
(3.16)
Here P(η4i ) is a polynomial of the little group invariants η4i , of total degree 4k in the ηi’s,
with 2 ≤ k ≤ n − 2.12 The case k = 2 corresponds to the 1
2
BPS supervertex of the
form δ16(Q)
∑
i<j s
2
ij. The case k = n − 2 corresponds to V ±n
∑
i<j s
2
ij, where V
±
n are the
8-derivative supervertices given in (3.15). We will now focus on the more interesting case of
3 ≤ k ≤ n− 3, which correspond to 1
4
BPS couplings.
Let us consider the case n = 6. We have a pair of 6-point 1
4
BPS 12-derivative superver-
tices,
δ16(Q)Q8
∑
1≤i<j<k≤6
η4i η
4
j η
4
k,
δ16(Q)Q˜8
∑
1≤i<j<k≤6
η˜4i η˜
4
j η˜
4
k.
(3.17)
It is easy to see that the above supervertices are annihilated by R−, and correspond to the
highest weight states in the representations 51 and 5−1 of SO(3)× SO(2), respectively. An
entire multiplet of 6-point, 12-derivative 1
4
-BPS supervertices are obtained by applying an
SO(3) R-symmetry rotation to (3.17).
Likewise at 14-derivative order, there is a class of n-point 1
4
BPS supervertices for n ≥ 6,
of the form
δ16(Q)Q8
∑
i<j
sijPij(η4k),
δ16(Q)Q˜8
∑
i<j
sijPij(η˜4k).
(3.18)
where Pij are polynomials of the little group invariants η4k, of degree 3 ≤ k ≤ n− 3. Let us
specialize to the case n = 6, k = 3, where we can write down a pair of 1
4
BPS 14-derivative
12The expressions in (3.16) vanish identically for k outside this range.
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supervertices,
δ16(Q)Q8
∑
1≤i<j<k≤6
sijkη
4
i η
4
j η
4
k,
δ16(Q)Q˜8
∑
1≤i<j<k≤6
sijkη˜
4
i η˜
4
j η˜
4
k.
(3.19)
They transform as the highest weight states in the representation 51 and 5−1 of SO(3) ×
SO(2) respectively. Here sijk = −(pi+pj+pk)2 = sij+sik+sjk. A priori, one may write down
other polynomials Pij(η4k), but after taking into momentum conservation and permutation
invariance, we find that (3.19) is the only independent 1
4
BPS supervertex of the form (3.18).
3.3 7D
In 7 dimensions, the spinor helicity variables are denoted λαI , where α = 1, · · · , 8 is a spinor
index of SO(1, 6), and I = 1, · · · , 4 is a spinor index of the SO(5) little group. λ is related
to the null momentum by
γmαβλαIλβJ = p
mΩIJ , λαIλαJ = 0, (3.20)
and
λαIλβJΩ
IJ =
1
2
pmγ
m
αβ. (3.21)
Here ΩIJ is the invariant anti-symmetric 2-form on the spinor representation of SO(5). To
describe the supergraviton multiplet, we introduce the Grassmann variables ηIa, where a = ±
is an auxiliary index that may be identified with the spinor index of an SO(3) subgroup of
the SO(5) R-symmetry (not to be confused with the little group). The supercharges are
represented on the 1-particle states as
qαa = λαIη
I
a, qα
a = λαI
∂
∂ηIa
. (3.22)
The I, J indices are raised and lowered with the invariant tensor ΩIJ and ΩIJ . There are 14
scalars that parameterize the coset G/H = SL(5)/SO(5). The scalar 1-particle states are
represented in the super spinor helicity notation by the little group invariant monomials
1, ΩIJη
I
(aη
J
b), ΩIJη
I
(aη
J
b)ΩKLη
K
(cη
L
d), ΩIJ
∂2
∂η
(a
I ∂η
b)
J
η8, η8. (3.23)
They transform in the symmetric traceless 2-tensor representation of SO(5)R. Acting on a
supervertex or superamplitude, the SO(5)R generators can be expressed explicitly as
R+(ab) =
∑
i
ΩIJηi
I
(aηi
J
b), R
−(ab) =
∑
i
ΩIJ
∂2
∂ηiI(a∂ηiJb)
, R0a
b =
∑
i
(
ηi
I
a
∂
∂ηiIb
− 2δba
)
.
(3.24)
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The n-point F-term vertex δ16(Q) sits in the lowest weight state of a rank 2(n − 4)
symmetric traceless tensor representation of SO(5)R. The entire SO(5)R multiplet of n-
point, 8-derivative supervertices can be produced by acting on δ16(Q) with R+(ab). These are
the complete set of 8-derivative supervertices in a 7D maximal supergravity theory.
Let us briefly discuss some consequences of this classification of 8-derivative supervertices,
which will be elaborated in section 5. The 4-point supervertex δ16(Q) corresponds to the
supersymmetric completion of R4 + · · · coupling in the effective Lagrangian, as in all other
spacetime dimensions. The 5-point supervertices obtained by acting on δ16(Q) with R+(ab)
transform in the rank-2 symmetric traceless tensor of SO(5)R. They correspond to couplings
of the form δφIR4 + · · · , where δφI are fluctuations of the 14 scalar moduli fields. The
coefficients of these 5-point supervertices, as a function of the moduli φI , will be tied to the
first order derivatives of the R4 coefficient f(φI) with respect to φI .
The 6-point supervertices, obtained by acting on δ16(Q) with R+(ab) twice, transform in
the rank-4 symmetric traceless tensor of SO(5)R, or [4, 0] in the Dynkin label notation.
These supervertices contain couplings of the form δφIδφJR4. However, couplings of the form
δφIδφJR4 in the effective Lagrangian give rise to more bosonic vertices with two scalars and
four gravitons than the ones that belong to the 6-point supervertex.
A priori, the coupling δφIδφJR4, or the corresponding bosonic on-shell 6-point vertex,
transforms in the representation
Sym2[2, 0] = [0, 0]⊕ [0, 4]⊕ [2, 0]⊕ [4, 0] (3.25)
of SO(5)R. Among the irreducible components, only the [4, 0] can be completed to a local
6-point supervertex. The remaining components of the bosonic vertex, in the representation
[0, 0]⊕ [0, 4]⊕ [2, 0], must be components of nonlocal superamplitudes, and are determined
by the factorization of the latter to lower point supervertices. We will see in section 5.1 that
these factorization relations lead to three sets of second order differential equations on the R4
coefficient f(φ). The [0, 0] component is an equation that asserts f(φ) is an eigenfunction
of the Laplacian on the scalar manifold SL(5)/SO(5). This equation has been proposed
in [59, 60]. The [0, 4] and [2, 0] components of the equations are additional constraints from
supersymmetry.
Starting at 6-point, 12-derivative order, apart from 1
2
BPS supervertices in the represen-
tation [4, 0] with lowest weight state
δ16(Q)
∑
1≤i<j≤6
s2ij, (3.26)
there are 1
4
BPS supervertices, that can be constructed similarly to the ones described in the
16
previous subsection. One of them is a straightforward dimensional reduction of (3.17),
δ16(Q)Q
8
−
∑
1≤i<j<k<`≤6
η4i+η
4
j+η
4
k+, (3.27)
where
Q
8
− ≡
8∏
α=1
Qα− =
8∏
α=1
(
6∑
i=1
λiαI
∂
∂ηI+
)
, η4i+ ≡
1
4!
IJKLη
I
i+η
J
i+η
K
i+η
L
i+. (3.28)
(3.27) is obviously annihilated by Qα+ and obeys supersymmetry Ward identities.
The following combination of the 6-point 1
4
BPS supervertex and 1
2
BPS supervertex,
δ16(Q)
(
Q
8
−
∑
1≤i<j<k<`≤6
η4i+η
4
j+η
4
k+ −
22 × 35
12!8!
∑
1≤i≤j≤6
s2ij(R
+
(++))
2
)
(3.29)
is annihilated by R+(++), R
−
(+±), R
0
(++) and transforms as the lowest weight state in the repre-
sentation [0, 4] of SO(5)R.
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The 7D Lorentz group potentially allows for 1
8
-BPS 14-derivative supervertices of the
form δ16(Q)Q
12G(ηi), but they are not straightforward to construct, due to the constrained
nature of the spinor helicity variables. It appears simpler to uplift such 1
8
BPS supervertices
from lower dimensions.
3.4 6D
The 6-dimensional spinor helicity variables λAa, λ˜
A
a˙ are related to the null momentum pAB
(in bispinor notation) via [70–72]
pAB = λAaλBb
ab, pAB =
1
2
ABCDpCD = λ˜
A
a˙λ˜
B
b˙
a˙b˙. (3.30)
Here A,B = 1, · · · , 4 are spinor indices of SO(1, 5), and (a, a˙) are SU(2)×SU(2) little group
spinor indices.
To describe the 6D supergraviton multiplet, the 8 Grassmann variables are organized
in the form ηaa′ , η˜
a˙
a˙′ , where a
′ = 1, 2 and a˙′ = 1˙, 2˙ are auxiliary indices that may be
identified with spinor indices of an SO(3) × SO(3) subgroup of the R-symmetry group
H = SO(5)× SO(5). The 32 supercharges are represented on the 1-particle states as
qAa′ = λAaη
a
a′ , q˜
A
a˙′ = λ˜
A
a˙η˜
a˙
a˙′ ,
qAa′ = λAa
∂
∂ηaa
′ , q˜
A
a˙′ = λ˜
A
a˙
∂
∂η˜a˙a˙
′ ,
(3.31)
13Note that the 14 BPS supervertex and the
1
2 BPS supervertex are separately annihilated by R
−
(+±), R
0
(++)
while only a nontrivial linear combination of them is annihilated by R+(++).
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The R-symmetry group H is generated by
(η2)a′b′ , (∂
2
η)a′b′ , ηa′∂ηb′ − δb
′
a′ ,
(η˜2)a˙′b˙′ , (∂
2
η˜)a˙′b˙′ , η˜a˙′∂η˜b˙′ − δb˙
′
a˙′ .
(3.32)
acting on the 1-particle states.
Here we used the notation (η2)a′b′ = abη
a
a′η
b
b′ , ηa′∂η′b = abη
a
a′
∂
∂ηbb′
, etc. The n-point
8-derivative supervertices are obtained from δ16(Q) by the SO(5) × SO(5) rotation, and
transform in the representation [n− 4, 0;n− 4, 0].
In particular, the 5-point 8-derivative supervertices that contain the scalar-graviton cou-
pling δφIR4 transform in the representation [1, 0; 1, 0] of H = SO(5)×SO(5). This is consis-
tent with the scalars fields parameterizing the coset SO(5, 5)/(SO(5)×SO(5)). The 6-point
8-derivative supervertices transform in the representation [2, 0; 2, 0]. On the other hand, the
coupling δφIδφJR4 in the effective Lagrangian, or the corresponding bosonic on-shell vertex,
transforms with respect to H according to the representation
Sym2([1, 0; 1, 0]) = [0, 0; 0, 0]⊕ [0, 2; 0, 2]⊕ [0, 0; 2, 0]⊕ [2, 0; 0, 0]⊕ [2, 0; 2, 0]. (3.33)
Thus we expect the R4 coefficient f(φ) to be an eigenfunction of the Laplacian on the scalar
manifold SO(5, 5)/(SO(5) × SO(5)), and further obeys a set of second order differential
equations that restricts the [0, 2; 0, 2], [0, 0; 2, 0], and [2, 0; 0, 0] components of the Hessian of
f(φ) (to zero, in fact). These will be examined in detail in section 5.4.
Starting at 12-derivative order, 1
4
BPS supervertices can be constructed as before. Here
we highlight the construction of a set of 1
8
BPS supervertices at 14-derivative order. Consider
the n-point, 14-derivative supervertex of the form
δ16(Q)Q8Q˜4−P(η2ia′b′ , η˜2i++), (3.34)
where
Q8 ≡
4∏
A=1
QA+QA−, Q˜
4
− ≡
4∏
A=1
Q˜A− =
4∏
A=1
(
n∑
i=1
λ˜i
A
a˙
∂
∂η˜ia˙+
)
,
η2ia′b′ ≡ abηiaa′ηibb′ , η˜2i++ ≡ a˙b˙η˜ia˙+η˜ib˙+.
(3.35)
P is a polynomial in the little group invariants, and must be of degree at least 8 in the η’s
and degree at least 4 in the η˜+’s. Note that P(η2ia′b′ , η˜2i++) is obviously annihilated by Q˜A+,
and consequently (3.34) obeys the supersymmetry Ward identities. If P is of order η8η˜4,
Q8Q˜4−P will simply be a Lorentz invariant expression of the momenta that can be expressed
in terms of a cubic polynomial in the sij’s. A multiplet of
1
8
BPS supervertices can be
constructed using P of higher degrees in η and η˜+, and rotating (3.34) with the R-symmetry
group SO(5)× SO(5).
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3.5 5D
The 5D spinor helicity variables λAa are related to the null momentum pAB by
pAB = λAaλBb
ab, ΩABλAaλBb
ab = 0. (3.36)
Here A,B = 1, · · · , 4 are spinor indices of SO(1, 4), a, b = 1, 2 are spinor indices of the SO(3)
little group, and ΩAB is the invariant anti-symmetric form on the spinor representation of
SO(1, 4). We then introduce the Grassmann variables ηaI , where I = 1, · · · , 4 is an auxiliary
index that may be identified with that of an SU(4) subgroup of the R-symmetry group
USp(8). The 32 supercharges are represented on the 1-particle states as
qAI = λAaη
a
I , qA
I = λAa
∂
∂ηaI
. (3.37)
The compact R-symmetry group H = USp(8) acts on the 1-particle states as
R+IJ = ηaIηbJ
ab, R−IJ =
∂
∂ηaI
∂
∂ηbJ
ab, R
0
I
J = ηaI
∂
∂ηaJ
− δJI . (3.38)
The n-point 8-derivative supervertices obtained by rotating δ16(Q) with the R-symmetry
generators R+IJ transform in the representation [0, 0, 0, n − 4] of USp(8). In particular,
the 5-point supervertices obtained by rotating δ16(Q), which contain the coupling δφIR4,
transform in the 42-dimensional representation [0, 0, 0, 1]. The scalar fields φI parameterize
the 42-dimensional coset manifold E6(6)/USp(8).
While the 6-point 8-derivative supervertices transform in [0, 0, 0, 2] with respect to the
USp(8), the couplings δφIδφJR4 a priori transform according to
Sym2[0, 0, 0, 1] = [0, 0, 0, 0]⊕ [0, 2, 0, 0]⊕ [0, 0, 0, 2]. (3.39)
So in addition to being an eigenfunction of the Laplacian, the coefficient of the R4 coupling
f(φ) obeys a set of second order differential equations that transform in the 308-dimensional
representation [0, 2, 0, 0] of USp(8). This extra set of equations asserts that the [0, 2, 0, 0]
component of the Hessian ∇(I∇J )f(φ) vanishes.
The 6-point 1
2
BPS supervertices in the representation [0, 0, 0, 2] can be analogously
constructed at 12 and 14 derivative orders, by applying the USp(8) R-symmetry rotation
to δ16(Q)
∑
s2ij, δ
16(Q)
∑
s3ij and δ
16(Q)
∑
s3ijk. Interestingly, there are also 6-point, 12-
derivative 1
4
BPS supervertices that transform in the representation [0, 2, 0, 0]. The lowest
19
weight state will be given by a combination of the following 1
4
BPS supervertex14
δ16(Q)
4∏
A=1
QA−−QA+−
∑
1≤i1<i2<i3≤6
3∏
k=1
(
ηik
a
++ηik
b
++ab
) (
ηik
c−+ηik
d−+cd
)
. (3.40)
with the following 1
2
BPS supervertices
δ16(Q)
∑
1≤i<j≤6
s2ijR
+
++++R
+
−+−+, δ
16(Q)
∑
1≤i<j≤6
s2ij(R
+
++−+)
2. (3.41)
Here we have chosen to write the index I explicitly as (±±). The absence of the singlet
[0, 0, 0, 0] among the 6-point, 12-derivative supervertices then gives rise to a Laplacian con-
straint on the moduli dependence of D4R4.
Likewise, there are 7-point, 12-derivative 1
4
BPS supervertices in the representation
[0, 2, 0, 1], in addition to the 1
2
BPS supervertices in [0, 0, 0, 3]. The representations [0, 0, 0, 1],
[0, 2, 0, 0], and [2, 0, 0, 1], on the other hand, are absent at this order, which leads to a set of
third order differential equations constraining the coefficient of D4R4.
3.6 4D
The 4D spinor helicity variables are the familiar λα, λ˜α˙, related to the null momentum (in
bispinor notation) pαβ˙ by
pαβ˙ = λαλ˜β˙. (3.42)
The Grassmann variables are ηI , η˜
I , I = 1, · · · , 4. λ and η˜ carry charge +1 with respect
to the SO(2) little group, and λ˜, η have charge −1 with respect to the little group. The
supercharges are represented on the 1-particle states as
qαI = λαηI , q˜α˙
I = λ˜α˙η˜
I ,
q˜αI = λα
∂
∂η˜I
, qα˙
I = λ˜α˙
∂
∂ηI
.
(3.43)
The compact R-symmetry group H = SU(8) is generated by the following little group
invariants acting on the 1-particle states,
R+I
J = ηI η˜
J , R−IJ =
∂
∂ηI
∂
∂η˜J
, M I
J = ηI
∂
∂ηJ
+ η˜J
∂
∂η˜I
− δJI
N I
J = ηI
∂
∂ηJ
− η˜J ∂
∂η˜I
− 1
4
δJI (η∂η − η˜∂η˜).
(3.44)
14The reason that only ηa±+ appears has to do with the reduction of the 8D Grassmann variable ηI
in the 8D 14 BPS supervertex (3.17). We use ± indices to label the spins over the internal planes in the
decomposition of the spinor representation of the 8D little group SO(6) in lower dimensions. The rightmost
subscript + indicates that we are decomposing the chiral spinor ηI of SO(6) as opposed to the anti-chiral
spinor η˜I .
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Note the commutation relation
[R+I
J , R−KL] = −δKI η˜J
∂
∂η˜L
+ δJL
∂
∂ηK
ηI = −1
2
δJL(MI
K +NKI )−
1
2
δKI (ML
J −NLJ). (3.45)
The n-point 8-derivative supervertices obtained by rotating δ8(Q) with H = SU(8) transform
in the representation [0, 0, 0, n−4, 0, 0, 0]. In particular, the 5-point supervertices that contain
the coupling δφIR4 transform in the 70-dimensional representation [0001000]. The scalars
φI parameterize the 70-dimensional coset manifold E7(7)/SU(8).
While the 6-point 8-derivative supervertices transform in [0002000], the couplings δφIδφJR4
a priori transform in the representation
Sym2[0001000] = [0000000]⊕ [0100010]⊕ [0002000]. (3.46)
Consequently, in addition to being an eigenfunction of the Laplacian, the coefficient f(φ)
of the R4 coupling obeys a set of second order differential equations that transform in the
720-dimensional representation [0100010] of SU(8). This extra set of equations assert that
the [0100010] component of the Hessian ∇(I∇J )f(φ) vanishes.
At 12-derivative order, in addition to the 6-point 1
2
BPS supervertices in [0002000], there
are also 1
4
BPS supervertices in [0100010]. The latter can be constructed starting from the
lowest weight state15
δ16(Q)Q
8 ∑
1≤i<j<k≤6
η4i η
4
j η
4
k. (3.47)
The singlet supervertex is absent.
Likewise, there are 7-point, 12-derivative 1
4
BPS supervertices in the representation
[0101010], in addition to the 1
2
BPS supervertices in [0003000]. The representations [0001000],
[0200000], [0000020], and [1001001], on the other hand, are absent at this order.
3.7 3D
The 3D spinor helicity variables λα are related to the null momentum pαβ by
pαβ = λαλβ. (3.48)
The Grassmann variables are now denoted simply as ηA, where A = 1, · · · , 8 is an auxiliary
index. The little group is a Z2 under which λ and η are odd. The supercharges are represented
on the 1-particle states as
qαA = λαηA, qαA = λα
∂
∂ηA
. (3.49)
15In this case there are no candidate 12 BPS supervertices with the right charges to mix with the following
1
4 BPS supervertex.
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The compact R-symmetry group H = SO(16) is generated by the little group invariants
R+[AB] = ηAηB, R
−
[AB] =
∂
∂ηA
∂
∂ηB
, R0AB = ηA
∂
∂ηB
− 1
2
δAB. (3.50)
when acting on the 1-particle states.
The n-point 8-derivative supervertices obtained from δ8(Q) transform in the representa-
tion [0, 0, 0, 0, 0, 0, 0, n − 4] of SO(16). In particular, the 5-point supervertices that contain
δφIR4 transform in the 128-dimensional spinor representation [00000001]. The scalars φI
parameterize the 128-dimensional coset E8(8)/SO(16).
The 6-point 8-derivative supervertices transform in [00000002]. On the other hand, the
couplings δφIδφJR4 a priori transform according to
Sym2[00000001] = [00000000]⊕ [00010000]⊕ [00000002]. (3.51)
So in addition to being an eigenfunction of the Laplacian, the coefficient f(φ) of the R4
coupling obeys a set of second order differential equations that amounts to the vanishing of
the [00010000] component of the Hessian ∇(I∇J )f(φ).
At 12-derivative order, in addition to the 6-point 1
2
BPS supervertices in [00000002], there
are also 1
4
BPS supervertices in [00010000]. The lowest weight state state of [00010000] can
be constructed by taking a linear combination of the following 1
4
BPS supervertex16
δ16(Q)
∏
α=1,2
Qα+++Qα+−+Qα−++Qα−−+
∑
1≤i1<i2<i3≤6
3∏
k=1
ηik+++ηik+−+ηik−++ηik−−+. (3.52)
and the 1
2
BPS supervertex
δ16(Q)
∑
1≤i<j≤6
s2ijR
+
[+++,+−+]R
+
[−++,−−+]. (3.53)
Here we have written the index A explicitly as (± ± ±). The singlet supervertex is again
absent.
Likewise, there are 7-point, 12-derivative 1
4
BPS supervertices in the representation
[00010001], in addition to the 1
2
BPS supervertices in [00000003]. The representations
[00000001] and [01000001] are absent at this order.
16See footnote 14 for an explanation for the index notation of ηA.
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4 Lifting supervertices
4.1 The general idea
As seen in the previous section, the supervertices of maximal supergravity theories in D ≤
7 dimensions can be conveniently organized according to representations of the compact
R-symmetry group. The construction of the general supervertices in 8 and 9 dimensions
appear to be more subtle. Furthermore, the super spinor helicity formalism which splits the
supercharges into supermomenta and superderivatives cannot be applied directly to type IIA
supergravity and the eleven dimensional supergravity. It is nonetheless possible to construct
supervertices in these theories, by uplifting supervertices from a lower dimensional theory of
maximal supersymmetry.
Supervertices of a higher dimensional supergravity theory can be trivially reduced to (a
subset of) supervertices in lower dimensional theories, simply by restricting the momenta
of external particles to a lower dimensional sub-spacetime, and identifying an appropriate
embedding of the little groups. The reverse procedure is less obvious, since not all superver-
tices in the lower dimensional theory come from the reduction of supervertices in a higher
dimensional supergravity theory. In this section, we introduce a simple method of identifying
those supervertices in the lower dimensional theory that can be lifted to a Lorentz invariant
supervertex in a higher spacetime dimension. We will then apply this method to explicitly
construct supervertices in 8, 9, and 11 dimensions.
Suppose A(d)n is an n-point supervertex in d dimensions, and we would like to know
whether it lifts to a supervertex in the D dimensional maximal supergravity theory, for
some D > d. In other words, we want to know whether A(d)n is the dimensional reduction
of a D-dimensional supervertex. For reasons that will become clear, we shall assume n ≤
d + 1. While this restriction does not allow us to determine whether the most general n-
point supervertices can be uplifted, for larger values of n, it is nonetheless sufficient for the
derivation of non-renormalization conditions considered in this paper.
For the generic assignment of the momenta pi of the n particles in a scattering amplitude,
momentum conservation implies that there are n− 1 independent null momenta. They span
an (n − 1)-plane in the d dimensional spacetime.17 The d dimensional Lorentz invariance
implies that the amplitude is invariant with respect to the SO(d + 1 − n) rotation of the
transverse directions to the (n−1)-plane, which leaves all momenta pi fixed. Now, we would
like to view this amplitude as that of n supergravitons in D dimensions, subject to the
restriction that the momenta pi lie in a chosen (n− 1)-plane in D dimensions. If we fix this
17In analyzing tree amplitudes we are free to analytically continue the momenta to complex values, and
the spacetime signature will not be essential.
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set of momenta pi, the D-dimensional Lorentz invariance then amounts to the invariance of
the amplitude with respect to a SO(D + 1− n) subgroup.
RD−1,1
Rd−1,1
SO(D − d)
SO(d+ 1− n)
A
Figure 2: Lorentz rotations of an n-point amplitudeA with fixed momenta in a d-dimensional
sub-spacetime.
The rotation symmetry of the D−d extra dimensions, isomorphic to SO(D−d), embeds
into the compact R-symmetry group of the d-dimensional supergravity theory. In order for
A(d)n to be the restriction of a D-dimensional supervertex, we need to at least demand that
A(d)n is invariant with respect to the SO(D− d) subgroup of the d-dimensional R-symmetry
group. With the fixed set of momentum pi, which we assume to be generic, A(d)n is then
invariant with respect to an SO(d + 1 − n) × SO(D − d) subgroup of the SO(D + 1 − n)
(Figure 2).
The key step is to further demand that A
(d)
n is invariant with respect to the remaining
(D − d)(d + 1 − n) generators of the SO(D + 1 − n). These extra generators, though not
manifest, can be realized as differential operators in the Grassmann variables ηi that act on
the superamplitude. We denote these generators by Ma(v), where a = 1, · · · , D − d, and
v is a unit vector in d dimensions that obeys v · pi = 0 for all momenta pi in the vertex
(i = 1, · · · , n). They will be constructed explicitly in the next few subsections.
A useful property of Ma(v) is that its commutator with each supercharge is a linear
combination of the 32 supercharges, and thus any formal amplitude obtained by acting
on A(d)n with Ma(v) will automatically satisfy the supersymmetry Ward identities. The
condition for a supervertex A(d)n to lift to a D-dimensional Lorentz invariant supervertex is
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precisely that A(d)n is annihilated by all Ma(v)’s.
4.2 Lifting from 8D to 9D
Now we consider the problem of lifting supervertices of 8D maximal supergravity to 9D. In
this subsection we will denote the 9D super spinor helicity variables by (ζαA, ηA), in order to
distinguish them from 8D variables.18 If we restrict the momentum p to 8D, (ζαA, ηA) can
be decomposed in terms of the 8D super spinor helicity variables (λAI , λ˜A˙
I , θI , θ˜I) according
to
ζαA → (λAI , λAI = 0, λ˜A˙I = 0, λ˜A˙I),
ηA → (θI , θ˜I).
(4.1)
With this restriction, each 9D supervertex reduces to an 8D supervertex. We would like to
determine which 8D supervertices arise in this way.
For an n-point superamplitude with momenta pi restricted to 8D, let v be a unit vector
that obeys v · pi = 0, for all i = 1, · · · , n. We would like to construct the 9D Lorentz
generators that rotate the plane spanned by v and the extra 9-th dimension. Since the 8D
spinor helicity variables λi, λ˜i obey the Dirac equations
/piAB˙λ˜iB˙
I = 0, /piAB˙λiAI = 0, (4.2)
where /piAB˙ = p
m
i (γm)AB˙, the supercharges qi, q˜i, qi, q˜i of the i-th particle vanish upon con-
traction with /pi as well. For generic null momentum pi, we can then write
qi = /piui, (4.3)
where ui has the opposite chirality as qi, and is only defined subject to the ambiguity ui ∼
ui + /pivi. Similarly, we can define u˜i, ui, u˜i associated with the other supercharges q˜i, qi, q˜i.
Note that the following expression
qi/vu˜i = ui/pi/vu˜i = −ui/v/piu˜i = −ui/vq˜i, (4.4)
is free of the ambiguity in shifting ui or u˜i. We will define the following linear operators that
on the n-point amplitude,
M+(v) =
n∑
i=1
qi/vu˜i = −
∑
i
ui/vq˜i,
M−(v) =
n∑
i=1
q˜i/vui = −
∑
i
u˜i/vqi.
(4.5)
18In the rest of Section 4, we shall represent the higher dimensional super spinor helicity variables by (ζ, η)
and reserve (λ, θ) for the lower dimensional counterparts.
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The nonzero commutators of M±(v) with the supercharges are
[M+(v), QA˙] = −
1
2
n∑
i=1
(/pi/vu˜i)A˙ =
1
2
(/vQ˜)A˙,
[M+(v), Q˜A˙] = −
1
2
n∑
i=1
(/pi/vui)A˙ =
1
2
(/vQ)A˙,
[M−(v), Q˜A] = −
1
2
n∑
i=1
(/pi/vui)A =
1
2
(/vQ)A,
[M−(v), QA] = −1
2
n∑
i=1
(/pi/vu˜i)A =
1
2
(/vQ˜)A.
(4.6)
Thus, if we act on any 8D supervertex with M±(v), the resulting expression still obeys
supersymmetry Ward identities with respect to all supercharges.
It will be useful to introduce another operator on the amplitude,
M0 ≡ 2[M+(v),M−(v)] = −
∑
i
(
ui/v/pi/vui − u˜i/v/pi/vu˜i
)
=
∑
i
(
ui/piui − u˜i/piu˜i
)
=
∑
i
(
qiui − q˜iu˜i
)
=
∑
i
(
uiqi − u˜iq˜i
)
.
(4.7)
We observe that
[M0,M±(v)] = ±M±(v), (4.8)
and thus (M0,M+(v),M−(v)) generate an su(2) algebra.
Now we can identify
M(v) = M+(v) +M−(v) (4.9)
as the generator of rotation in the plane spanned by v and the X8 extra dimension direc-
tion. If the 8D supervertex is annihilated by M(v) for all v perpendicular to the momenta
p1, · · · , pn, then the vertex is the restriction of a 9D Lorentz invariance vertex. Once again,
in making this argument we have assumed n ≤ 9, so that the set of n − 1 independent
momenta in 9 dimensions can always be rotated into a fixed 8D sub-spacetime.
As an example, let us consider the action of M(v) on the 8-derivative supervertex
δ16(Q) = δ8(QA)δ
8(Q˜A˙),
M(v)δ16(Q) =
[
−1
2
∑
i
(ui/v/pi)A˙
∂
∂Q˜A˙
− 1
2
∑
i
(u˜i/v/pi)A
∂
∂QA
]
δ16(Q)
=
[
1
2
(Q/v)A˙
∂
∂Q˜A˙
+
1
2
(Q˜/v)A
∂
∂QA
]
δ16(Q) = 0.
(4.10)
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This shows that δ16(Q) lifts to a Lorentz invariant supervertex in 9D, as expected.
Now let us consider the 8D 5-point supervertex V 05 = δ
16(Q)R2+ = δ
8(QA)δ
8(Q˜A˙)(
∑5
i=1 ηiη˜i)
2,
and V ±5 as defined in (3.15). Observe that
M+(v)V 05 = 2δ
16(Q)R+
5∑
i=1
ui/vqi,
(M+(v))2V 05 = 2δ
16(Q)
( 5∑
i=1
ui/vqi
)2
.
(4.11)
One can verify that (M+(v))2V 05 is in fact proportional to V
+
5 , and similarly (M
−(v))2V 05 is
proportional to V −5 .
19 Thus (V 05 , V
±
5 ) are three components of a spin-2 multiplet of the su(2)
algebra generated by M0 and M±(v). There is a unique linear combination of (V 05 , V
±
5 ) that
is annihilated by M(v) = M+(v) + M−(v), which lifts to a Lorentz invariant supervertex
in 9D. This constructs the 5-point 8-derivative supervertex in 9D that contains the coupling
δσR4.
On the other hand, the 6-point 8D supervertex of the form δ16(Q)R2+ is not annihilated
by M+(v), and its variation under M+(v) cannot be canceled by the variation of any other
6-point supervertices, as can be seen simply by counting the degrees in η and η˜. It follows
that there is no 9D supervertex that contains the coupling δτδσR4.
A similar argument can be used to rule out the 9D supervertices that contain either
δτδτR4 or (δσ)2R4 couplings. This is because there are only three 6-point supervertices in 8D
that are potential candidates for the dimensional reduction of such U(1) neutral supervertices
in 9D, namely δ16(Q)R4+ and V
±
6 . But unlike the 5-point case, the three supervertices here
could only fit into a spin-4 multiplet of the su(2) generated by M0,M±(v), and no linear
combination of the three supervertices can be annihilated by M(v) = M+(v) +M−(v).
In conclusion, inspection of the M(v) transformation on 8D supervertices shows that
the only independent n-point 9D supervertices at 8-derivative order are δ16(Q), its CPT
conjugate, and the exceptional supervertex in the n = 5 case, which contains the coupling
δσR4.
Let us consider another nontrivial example, uplifting a 6-point, 12-derivative supervertex.
19A simple way to see this is to observe that (M+(v))2V 05 is of degree 12 in η and degree 8 in η˜, and V
+
5
is the unique 5-point vertex of these degrees in (η, η˜) that obeys the supersymmetry Ward identities.
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In 8D, the following 6-point supervertices
V +6
∑
1≤i<j≤6
s2ij,
δ16(Q)Q8R2+
∑
1≤i<j<k≤6
η4i η
4
j η
4
k,
δ16(Q)R4+
∑
1≤i<j≤6
s2ij,
δ16(Q)Q˜8R2+
∑
1≤i<j<k≤6
η˜4i η˜
4
j η˜
4
k,
V −6
∑
1≤i<j≤6
s2ij,
(4.12)
comprise the even M0-eigenvalue components of a spin-4 multiplet of the su(2) algebra
generated by M0,M±(v). A linear combination of them is annihilated by M(v) = M+(v) +
M−(v), and can thus be lifted to a 9D supervertex. This supervertex contains a 6-point
coupling of the form D4(δσ)2R4.
4.3 The relation between 7D and 8D supervertices
The connection between our formulation of super spinor helicity variables and supervertices
in 7D and 8D requires some explanation. In the usual standard dimensional reduction from
8D to 7D, we take the momenta to lie within a 7-dimensional subspace of the 8D spacetime
(transverse to X7 direction), and embed the SO(5) little group of the 7D supergraviton into
the SO(6) little group in 8D. Since the chiral and anti-chiral spinors of SO(1, 7) reduce to
the same spinor representation of SO(1, 6), we can write 8D gamma matrix γ7
AB˙
as δAB˙. The
8D spinor helicity variables ζAI and ζB˙
J are now subject to the constraint
δAB˙ζAI ζ˜B˙
J = 0, (4.13)
due to the vanishing momentum along X7 direction. We can then identify them with the
7D spinor helicity variable λAI by
ζAI = δAB˙ΩIJ ζ˜B˙
J = λAI , (4.14)
and (4.13) is trivially satisfied. The Grassmann variable ηI , η˜I in the 8D super spinor helicity
formalism can be related to the 7D Grassmann variables θIa(= Ω
IJθaI), a = ±, through
ηI = θI+, η˜I = ΩIJθ
J
−. (4.15)
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The supercharges are then identified as
(QA, Q˜A˙) ∼ (QA+, δBA˙QB−),
(Q˜A, QA˙) ∼ (QA−, δBA˙QB+).
(4.16)
The SO(3) × SO(2) compact R-symmetry generators in 8D are identified with a subset of
the SO(5)R generators (3.24) in 7D, which are
R+(+−), R
−
(+−), R
0
(+−), and R
0
ab
ab. (4.17)
The n-point supervertex δ16(Q) in 8D reduces an identical expression in 7D, and hence
its SO(3) multiplet maps to the 7D supervertices obtained by acting on δ16(Q) with the
generators R+(+−), R
−
(+−), R
0
(+−). The SO(3) singlet vertices V
±
n , which are charged under the
SO(2), also reduce to 7D vertices in the SO(5) multiplet of δ16(Q), but are invariant under
R+(+−), R
−
(+−), R
0
(+−).
There is an alternative route in reducing the 8D spinor spinor helicity formalism to 7D,
by identifying
ηI = θI+, η˜I =
∂
∂θI−
. (4.18)
In this formulation, a superamplitude written in the (ηI , η˜I)-representation can be mapped
to a superamplitude in the θIa representation by a Laplace transform,
A(ηi, η˜i) =
∫ ∏
i
d4θi− e
∑
i η˜iIθ
I
i−A(θi+ = ηi, θi−). (4.19)
The 8D supercharges would then be identified with the 7D supercharges through
(QA, Q˜A˙) ∼ (QA+, δBA˙QB−),
(Q˜A, QA˙) ∼ (QA−, δBA˙QB+),
(4.20)
Compared to (4.16), this amounts to a different splitting of the 32 supercharges in 7D to
supermomenta and superderivatives. Now the 8D SO(3)×SO(2) generators reduce to R0(ab)
and R0ab
ab of (3.24), and the 8D supervertices V ±n (3.15) reduce to δ
16(Q) and its CPT
conjugate in 7D.
4.4 Lifting to 11D
The super spinor helicity formalism we have adopted does not permit a straightforward ap-
plication to superamplitudes in 10 dimensional type IIA supergravity and 11 dimensional
supergravity theories, because in these theories there is no Lorentz invariant way of splitting
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of the 32 supercharges into 16 (mutually anti-commuting) supermomenta and 16 superderiva-
tives. The latter is nonetheless possible if we give up manifest Lorentz invariance. In this
subsection, we will construct supervertices in eleven dimensions, by lifting supervertices from
9D and then imposing 11D Lorentz invariance (after having satisfied supersymmetry Ward
identities).
The 9D supervertices that are compatible with 11D Lorentz invariance are those anni-
hilated by M±(v), which generate the rotations in the 2-planes spanned by the unit vector
v (that obeys v · pi = 0 for all i labeling external particles) and the vectors ∂X9 ± i∂X10
transverse to the 9D spacetime. In 9D super spinor helicity variables, we have
M+(v) =
n∑
i=1
qi/vui,
M−(v) =
n∑
i=1
qi/vui,
(4.21)
where ui and ui are defined through
qi = /piui, qi = /piui. (4.22)
Again, M±(v) are well defined, despite that ui, ui are subject to the ambiguity of shifting by
/pivi or /pivi. The nonzero commutators of M±(v) with the 9D supercharges are
[M+(v), Qα] = /vQα, [M−(v), Qα] = /vQα. (4.23)
Let us consider the 4-point supervertex δ16(Q). We have
M−(v)δ16(Q) =
1
4
∑
i
(/pi/v)αβ
∂
∂Qα
∂
∂Qβ
δ16(Q) =
1
4
(/P/v)αβ
∂
∂Qα
∂
∂Qβ
δ16(Q) = 0. (4.24)
Similarly, by consideration of CPT conjugation, we see that δ16(Q) is also annihilated by
M+(v), namely
M+(v)δ
16(Q) = M+(v)Q
16
4∏
i=1
η8i = 0. (4.25)
Thus we conclude that δ16(Q) can be lifted to a Lorentz invariant supervertex in 11D. This
is nothing but the 11D supervertex that contains the supersymmetric completion of R4
coupling.
In a similar way, all 4-point F-term supervertices of the form δ16(Q)F(s, t, u) in 9D can
be lifted to Lorentz invariant supervertices in 11D, which correspond to couplings of the
schematic form D2nR4 + · · · .
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The n-point vertices of the form δ16(Q), for n ≥ 5, are still annihilated by M−(v), but not
by M+(v), neither are they invariant under the SO(2) R-symmetry (sub)group that rotates
the transverse space. Thus, such F-term supervertices in 9D cannot be lifted to Lorentz
invariant vertices in 11D.
The exceptional supervertices in 9D require a more careful analysis. Let us consider the
5-point, 8-derivative supervertex that contains δσR4 coupling. Note that a 9D supervertex
that is invariant with respect to M+(v) +M−(v) can be lifted to a supervertex in 10D type
IIA supergravity. From the tree level and 1-loop contribution to R4 effective coupling in
type IIA string theory, we know that there is a 5-point 8-derivative supervertex in type
IIA supergravity that reduces to a nontrivial linear combination of δσR4 and δτ2R
4 in 9D.
To further lift to 11D, we need to demand invariance under M+(v) and M−(v) separately.
However this is impossible due to the 9D SO(2) R-symmetry charges of these supervertices.
Hence we rule out the possibility that a combination of the 9D δσR4 supervertex and 5-point
δ16(Q) supervertex can be lifted to 11D.
We conjecture that the 4-point supervertices of the form δ16(Q)F(s, t, u) are in fact the
complete set of F-term supervertices in eleven dimensions.20
5 Non-renormalization conditions from superamplitudes
The coefficient f(φI) of an F-term supervertex or coupling, as a function of the massless scalar
moduli fields φI , is generally constrained by supersymmetry. Such constraints take the form
of differential equations in φI , and are usually referred to as non-renormalization conditions
since they can be used to constrain the derivative expansion of a quantum effective action
(in the Wilsonian sense). In this section, we wish to establish such non-renormalization
conditions on f(φI), in a maximal supergravity theory, along the same line as [28,29], in the
following steps.
(1) Expanding f(φI) in the moduli fields φI , we obtain higher point component vertices at
the same derivative order. As discussed in section 2, in the amplitude language, this can be
understood as a relation between (covariant) derivatives of f(φI) and certain higher point
amplitudes with soft scalar emissions.
(2) These higher point vertices may or may not admit a local supersymmetric completion.
That is, they may or may not be a component of a supervertex. If they do not admit a local
20The argument presented in this section cannot be used to rule out n-point F-term supervertices in 11D
with n ≥ 11, which generally cannot be lifted from 9D.
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supersymmetric completion, they must be a component of a superamplitude (that involves
soft scalars). If this is the case, the superamplitude of question will be entirely determined
by the residues at its poles in the momenta, which are in turn determined by lower point
supervertices via factorization, as a consequence of tree level unitarity relation.
(3) Our classification of F-term supervertices indicates that, typically, only certain special lin-
ear combinations of the component vertices obtained by expanding f(φI) to quadratic order
in δφ admit local supervertex completions. The linear combinations that cannot be com-
pleted as supervertices, which must then be part of superamplitudes that factorize through
lower point vertices, will lead to a set of second order differential equation obeyed by f(φI).
(4) The differential equations obeyed by f(φI) are determined by the general factorization
structure of the above mentioned superamplitude on its poles, up to numerical coefficients
which can be in principle fixed by supersymmetry Ward identities.
(5) In practice, rather than directly solving the supersymmetry Ward identities, it suffices to
compare the structure of the differential equation for f(φI) with any known set of nontriv-
ial superamplitudes that obey tree level unitarity relations. The superstring perturbation
theory provides such a set of amplitudes. Typically, tree level plus possibly one-loop string
amplitudes are all that is needed to fix the differential equation obeyed by f(φI). We would
like to emphasize that, string perturbation theory is used here as a crutch to nail down
the coefficients in the equations. The resulting equations are nonetheless a consequence of
supersymmetry alone, and do not depend on the specific string theory.
The precise form of these differential equations have been formulated in type IIB super-
gravity in [15, 22, 28]. Below we derive the precise form of the differential equations for the
coefficients of various F-term couplings in maximal supergravity theories in lower spacetime
dimensions. We begin with the 7D example, where the general features of the supersymmetry
constraints on the R4 term are illustrated, and subsequently extend these constraints to 6,
8, and 9 dimensions, where there are some interesting differences due to our classification of
8-derivative supervertices. Note that while in type IIB supergravity, the constraining equa-
tion asserts that the coefficient f(φ) of, say R4 coupling, is an eigenfunction of the Laplacian
on the scalar coset manifold G/H, in lower spacetime dimensions we will find additional
constraints on the Hessian of f(φ).
We then discuss the consequence of the 1
4
BPS supervertices at 12 and 14-derivative
orders, focusing on D ≤ 5 where the R-symmetry representation content is simpler. We will
also discuss constraints on independent higher point supervertices at the 14-derivative order,
in type IIB supergravity.
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5.1 8-derivative terms in 7D
Recall that the 14 massless scalars φI of 7D maximal supergravity parameterize the coset
SL(5)/SO(5). The possible n = 4, 5, and 6-point supervertices at 8-derivative order are all
generated by applying an SO(5)R rotation to δ
16(Q) ≡ δ16(∑ni=1 qi).
The 4-point supervertex δ16(Q) contains R4 coupling. We denote the coefficient of this
coupling, as a function of the moduli fields, by f0(φ
I). Expanding f0(φ
I) to second order in
the scalar fluctuation δφI , we find couplings of the form δφIδφJR4. They transform in the
representation
Sym2[2, 0] = [0, 0]⊕ [0, 4]⊕ [2, 0]⊕ [4, 0]. (5.1)
As explained in section 3.3, the only 6-point supervertex at the 8-derivative order transforms
in the representation [4, 0] of SO(5)R. The [0, 0], [0, 4] and [2, 0] components of the 6-
point scalar-graviton amplitude generated by the coupling δφIδφJR4 do not admit local
supervertex completions, and must be components of a 6-point nonlocal superamplitude,
in the corresponding representation of SO(5)R. Such a superamplitude is determined by
its factorization through lower point supervertices. By momentum power counting, the
factorization must involve precisely one 8-derivative vertex, and a pair of supergravity cubic
vertices. Indeed, we have the 4-point R4 supervertex, which is a singlet of SO(5)R, and
the 5-point δφIR4 supervertex, which transforms in the representation [2, 0] (see Figure 3).
There are no 4 or 5-point supervertex that transform in the representation [0, 4].
R4 R4 δφ
IR4
Figure 3: Factorizations of the two independent 6-point 8-derivative superamplitudes
through R4 supervertex and δφIR4 supervertex respectively.
Thus, while the [4, 0] component of δφIδφJR4 is part of a supervertex, whose coefficient is
a priori unconstrained by supersymmetry, the [0, 0], [2, 0], and [0, 4] components of δφIδφJR4
cannot have independent coefficients. It follows from the factorization structure of the 6-point
superamplitude at 8-derivative order that there are linear relations between these 6-point
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couplings and the coefficients of 4 and 5-point supervertices, of the schematic form[∇I∇Jf0(φ)][0,0] ∼ f0(φ),[∇I∇Jf0(φ)][2,0] ∼ ∂∂φK f0(φ),[∇I∇Jf0(φ)][0,4] = 0.
(5.2)
The [0, 0] component is an equation that asserts f0(φ) is an eigenfunction of the Laplacian on
the scalar manifold SL(5)/SO(5). The [2, 0] and [0, 4] components are additional constraints
of supersymmetry.
To formulate these equations precisely, let us parameterize the scalar manifold SL(5)/SO(5)
by a real symmetric 5 × 5 matrix gij, with det g = 1. The SL(5) symmetry of the two-
derivative supergravity theory acts by g 7→ hghT , h ∈ SL(5). This symmetry is broken
explicitly by the higher derivative couplings of interest. We will now write the R4 coefficient
f0(φ
I) as f(g).
Since gij are constrained variables, it will be convenient to formulate the differential
equations on f(g) in terms of the variation of f(g) under gij → gij + δgij (as opposed to
derivatives with respect to independent variables, which is slightly more cumbersome). Here
δg is a symmetric real matrix and is subject to the constraint det(g+ δg) = 1, which can be
expanded to quadratic order as
gijδgij − 1
2
gijδgjkg
k`δg`i = O((δg)3). (5.3)
Now consider the corresponding variation of f(g),
δf(g) = δgijf
ij(g) + δgijδgk`f
ij,k`(g) +O((δg)3). (5.4)
Due to the constraints (5.3), f ij and f ij,k` are not unambiguously defined. The ambiguity
in f ij can be removed by demanding that f ij is traceless, i.e. gijf
ij = 0. Likewise, we can
fix the ambiguity of f ij,k` by demanding that it is traceless with respect to (ij) and (k`)
respectively.
Now the factorization relation of 6-point amplitudes described above implies the following
linear relations21
gijgk`f
ik,j`(g) = af(g),
gk`f
ik,j`(g)− 1
5
gijgk`gmnf
mk,n`(g) = bf ij(g),
f ij,k`(g)− f i`,kj(g) = 0.
(5.6)
21The SL(5) invariant differential operator we introduced is related to the SL(5)/SO(5) Laplacian in [60]
by
gijgklf
ik,jl =
1
4
∆SL(5)f. (5.5)
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The LHS of these two equations are the projection of f ij,k` onto its [0, 0], [2, 0] and [0, 4]
components, with respect to SO(5)R.
In the absence of nontrivial RR potential, gij which captures the SL(5)/SO(5) moduli
of type II string theory on T 3 has the following U -duality invariant parametrization [60]
gij = g
−2/5
7
g
2
7 0 0
0 v−13 v
−1
3 B
NS
i
0 v−13 B
NS
i v
1
3
3 g˜ij − v−13 BNSi BNSj
 (5.7)
where v3 = r1r2r3/`
3
s is the volume of T
3 and g7 = τ
−1
2 v
−1/2
3 is the 7D string coupling. Here
g˜ij is the SL(3) metric on T
3 and BNSi comes from reduction of the two form B
NS on 2-cycles
of T 3 .
Comparison with the well known tree level contributions in type II string theory on T 3,
which is simply 2ζ(3)g
−12/5
7 , then fixes
a = −3
5
, b = −3
4
. (5.8)
Indeed, the proposal of [60], based on a combination of perturbative and instanton compu-
tations, and imposing the U-duality symmetry SL(5,Z), asserts that in the toroidal com-
pactification of type II string theory to 7 dimensions, the R4 coefficient as a function of the
SL(5)/SO(5) scalars is given by
f(g) = E
SL(5)
[1000]; 3
2
(g), (5.9)
where E
SL(5)
[1000];s is the SL(5,Z) Epstein series
E
SL(5)
[1000];s =
∑
(m1,··· ,m5)∈Z5\{0}
1
(migijmj)s
. (5.10)
Consider the summand in (5.10), f(m)(g) ≡ (migijmj)−s. Under the variation g → g + δg,
we denote by f ij(m) and f
ij,k`
(m) the first and second order variational coefficients, similarly to
(5.4). They obey
f ij(m) = −
s
(mkgklml)s+1
(
mimj − 1
5
(mkgklm
l)gij
)
,
gklf
ik,jl
(m) =
s
50(mkgklml)s+1
(
15(s+ 1)mimj + (s− 13)(mkgklml)gij
)
.
(5.11)
From this, it is straightforward to verify that the equations (5.6) are obeyed by each summand
in the Epstein series (5.10), for s = 3
2
.
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5.2 The 6D case
In this section we extend the analysis of supersymmetry constraints on the R4 coupling in
section 5.1 to 6D maximal supergravity theories.
The 6D supergravity scalar coset manifold SO(5, 5)/(SO(5)×SO(5)) can be conveniently
parameterized by a symmetric SO(5, 5) matrix [73]
M =
(
gij −gikbkj
bikg
kj gij − bikgk`b`j
)
. (5.12)
Here gij and bij are 5×5 real symmetric and anti-symmetric matrices respectively. gij is the
inverse matrix of gij. M obeys
MηM = η, η =
(
0 I
I 0
)
. (5.13)
An advantage of parameterizing the scalar manifold with M rather than the unconstrained
variables gij and bij is that SO(5, 5) acts linearly on M , via
22
M → ΩMΩT . (5.14)
Here the SO(5, 5) matrix Ω obeys ΩTηΩ = η.
Now consider the expansion around a point M0 in the scalar manifold, and write M =
M0 + δM . δMij is symmetric and is subject to the constraint
δMηM0 +M0ηδM = −δMηδM. (5.15)
M0 is fixed by a subgroup H of the SO(5, 5). In other words, the elements of H are SO(5, 5)
matrices O that obey
OM0OT = M0. (5.16)
By construction, O acts on δM linearly as well,
δM → OδMOT . (5.17)
H can be identified with the compact R-symmetry group SO(5)×SO(5), which acts linearly
on the scalar fluctuations.
Let f(M) be the coefficient of the R4 supervertex. We may expand
f(M) = f(M0) + δMijf
ij
(1)(M0) + δMijδMk`f
ij,k`
(2) (M0) + · · · . (5.18)
22If we write Ω in block form, Ω =
(
A B
C D
)
, then Xij ≡ gij+bij transforms as X → (DX+C)(A+BX)−1.
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Due to the constraint on δM (5.15), f ij(1) and f
ij,k`
(2) are subject to the ambiguity of shifting
by
f ij(1) → f ij(1) + (ηM0N)ji + (NM0η)ji,
f ij,k`(2) → f ij,k`(2) +
1
4
(ηikN j` + ηjkN i` + ηi`N jk + ηj`N ik)
+
[
(ηM0P )
ji + (PM0η)
ji
]
Qk` +
[
(ηM0P )
`k + (PM0η)
`k
]
Qij,
(5.19)
where N , P , Q are arbitrary symmetric matrices. Below we will fix this shift ambiguity and
then formulate the differential constraints on f(M) as algebraic relations on the variational
coefficients f ij,k`(2) .
Since G = SO(5, 5) is a global symmetry of the two-derivative supergravity theory in
6D, the differential constraining equations on the R4 coupling coefficient f(M) is covariant
with respect to the action of G, which acts on the scalar manifold as a transitive isometry.
Thus, it suffices to examine the constraints on the Hessian of f(M) at a single point on the
scalar manifold. For convenience we choose to work with the point M0 = I10×10. Define the
10× 10 orthogonal matrix
S =
1√
2
(
I −I
I I
)
, (5.20)
so that
STηS =
(
I 0
0 −I
)
≡ η˜. (5.21)
Also define δ˜M ≡ ST δMS, so that the constraint (5.15) can be written as
δ˜Mη˜ + η˜δ˜M = −δ˜Mη˜δ˜M. (5.22)
In terms of an expansion in δ˜M , the first and second order variational coefficients of f(M),
denoted by f˜ ij(1), f˜
ij,k`
(2) , are defined by
f(M) = f(M0) + δ˜M ij f˜
ij
(1)(M0) + δ˜M ij δ˜Mk`f˜
ij,k`
(2) (M0) + · · · . (5.23)
A general element of H ' SO(5)× SO(5), which leaves M0 = I10×10 invariant under (5.16),
takes the form
O = S
(
A 0
0 B
)
ST =
1
2
(
A+B A−B
A−B A+B
)
, A,B ∈ SO(5). (5.24)
The SO(5, 5) vector index i on f˜ ij(1) and f˜
ij,k`
(2) can then be decomposed into a pair of SO(5)×
SO(5) vector indices, which we denote by a and a˙.
We now fix the ambiguity in f˜(1) by demanding that the only non-vanishing components of
f˜(1) are (ij) = (aa˙) and (a˙a), i.e. f˜(1) is block-off-diagonal. Similarly, we fix the ambiguity in
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f˜(2) by demanding that the only non-vanishing components of f˜
ij,k`
(2) are (ij), (k`) = (aa˙) and
(a˙a). The independent components are f˜aa˙(1) and f˜
aa˙,bb˙
(2) . The former transforms in [1, 0; 1, 0]
of SO(5) × SO(5), whereas the latter a priori transforms in Sym2[1, 0; 1, 0] = [0, 0; 0, 0] ⊕
[0, 2; 0, 2] ⊕ [2, 0; 0, 0] ⊕ [0, 0; 2, 0] ⊕ [2, 0; 2, 0]. As discussed in section 2.4, the differential
constraints amounts to the vanishing of the [0, 2; 0, 2], [2, 0; 0, 0], and [0, 0; 2, 0] components
of f˜aa˙,bb˙(2) , and that the singlet component of f˜
aa˙,bb˙
(2) is proportional to f(M0). Explicitly, these
conditions can be written as (at M0 = I)
δabδa˙b˙f˜
aa˙,bb˙
(2) (I) = cf(I),
δabf˜
aa˙,bb˙(I) = δa˙b˙f˜
aa˙,bb˙(I) = 0,
f˜aa˙,bb˙(2) (I) = f
ab˙,ba˙
(2) (I).
(5.25)
The proportionality constant c is in principle fixed by supersymmetry Ward identities. As
before, we can determine it simply by comparison with tree level string amplitudes.
The constraint (5.22) implies that to linear order in δM , δ˜M is block-off-diagonal. To
quadratic order in δM , we have
δ˜Mab =
1
2
δ˜Mac˙δ˜M bc˙, δ˜M a˙b˙ =
1
2
δ˜M ca˙δ˜M cb˙. (5.26)
Let v be an arbitrary SO(5, 5) vector, and u ≡ STv. We can write
vT δMv = uT δ˜Mu = δ˜Mabu
aub + δ˜M a˙b˙u
a˙ub˙ + 2δ˜Mab˙u
aub˙
= 2δ˜Mab˙u
aub˙ +
1
2
δ˜Mac˙δ˜M bc˙u
aub +
1
2
δ˜M ca˙δ˜M cb˙u
a˙ub˙ +O((δM)3).
(5.27)
Now expanding the function
Fs(M) ≡ (vTMv)−s (5.28)
with M = I+ δM ,
Fs(I+ δM) = (uTu)−s − 2s(uTu)−s−1δ˜Mab˙uaub˙ + 2s(s+ 1)(uTu)−s−2δ˜Mab˙δ˜M cd˙uaub˙ucud˙
− s
2
(uTu)−s−1
(
δ˜Mac˙δ˜M bc˙u
aub + δ˜M ca˙δ˜M cb˙u
a˙ub˙
)
+O((δM)3).
(5.29)
In particular, we can extract the coefficient of δ˜Mab˙δ˜M cd˙,
F˜ ab˙,cd˙s (2) = Fs(I)
[
2s(s+ 1)
(uTu)2
uaub˙ucud˙ − s
2uTu
(
uaucδb˙d˙ + ub˙ud˙δac
)]
. (5.30)
Note that F˜ ab˙,cd˙s (2) obeys
δacF˜
ab˙,cd˙
s (2) −
1
5
δacδ
b˙d˙δe˙f˙ F˜
ae˙,cf˙
s (2)
=
[
s(2s− 3)δacuauc
(uTu)2
+
5s(δacu
auc − δa˙c˙ua˙uc˙)
2(uTu)2
](
ub˙ud˙ − 1
5
δb˙d˙δe˙f˙u
e˙uf˙
)
Fs(I),
(5.31)
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as well as a similar equation with the dotted and undotted SO(5) indices exchanged. In
order for Fs(M) to obey the second equation of (5.25), which amounts to the vanishing of
(5.31), we need s = 3
2
, and
δacu
auc − δa˙c˙ua˙uc˙ = uT η˜u = 0 ⇔ vTηv = 0. (5.32)
When this condition is satisfied, we have
δacδb˙d˙F˜
ab˙,cd˙
3
2
(2)
= −15
8
F 3
2
(I),
F˜ ab˙,cd˙s (2) = F
ad˙,cb˙
s (2) .
(5.33)
Indeed, the string tree level amplitude takes the form of (5.28) with s = 3/2, and a particular
SO(5, 5) vector v that obeys (5.32) [60], which satisfies all the equations in (5.25), and fixes
the constant c = −15/8.
The proposal of [59] is that f(M) is an SO(5, 5;Z) Eisenstein series that is a sum of
terms of the form F 3
2
(M), over charge lattice vectors v that are subject to the constraint
vTηv = 0.23 As seen above, this precisely agrees with (5.25), with c = −15/8.
5.3 The 8D case
As already seen, the classification of F-term supervertices in 8D and 9D is slightly more
intricate than in lower dimensions. In particular, not all F-term supervertices at a given
derivative order fall into a single orbit of the compact R-symmetry group. This leads to some
interesting features in the supersymmetry non-renormalization conditions. We illustrate this
in the example of 4-point 8-derivative coupling, f(φ)δ16(Q).
As already explained in section 3.2, in 8D maximal supergravity, the n-point vertices
at 8-derivative order, for n ≥ 5, fall into two classes, distinguished by their transformation
properties under the compact R-symmetry group H = SO(3) × SO(2). The first class of
supervertices are given by the SO(3) orbits of δ16(Q), which transforms in the spin 2(n− 4)
representation of the SO(3), and are invariant with respect to the SO(2). The second class
of supervertices are the V ±n in (3.15). They are charged under the SO(2) and are singlets
with respect to the SO(3).
The coefficient of R4 coupling, as a function of the scalar vevs, can be denoted f(Ω, U).
Here Ω is a real symmetric 3 × 3 matrix of determinant 1 that parameterizes the coset
SL(3)/SO(3) (similarly to the matrix gij in section 5.1). U is a complex parameter that
23The constraint vT ηv = 0 is the equivalent to the restriction (3.5b) of [59] in the summation that defines
the SO(5, 5;Z) Eisenstein series.
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parameterizes SL(2)/SO(2), which can be identified with the Poincare´ upper half plane. We
will write U = U1 + iU2.
There are no supervertices at 8-derivative order that transform nontrivially under both
the SO(3) and the SO(2) factors of the R-symmetry group. Consequently, 6-point couplings
of the form δΩδUR4 do not admit local supervertex completions. They cannot be components
of a nonlocal superamplitude either, because such a superamplitude cannot factorize into
lower point supervertices, due to the mismatch of R-symmetry representation. We conclude
that the coupling δΩδUR4 cannot exist at all, which means that the function f(Ω, U) splits
into a sum of two terms,
f(Ω, U) = fSL(3)(Ω) + fSL(2)(U). (5.34)
By the same argument as in type IIB supergravity [28], fSL(2)(U) should obey a differential
equation of the form
4U22∂U∂UfSL(2)(U) = afSL(2)(U), (5.35)
for some constant a. The second order derivative of fSL(3)(Ω), on the other hand, transforms
as
Sym25 = 1⊕ 5⊕ 9 (5.36)
of the SO(3) R-symmetry. The 8-derivative 6-point supervertex that contains (δΩ)2R4 cou-
pling, as described in section 3.2, transforms in the 9-dimensional (spin-4) representation of
SO(3). By the same factorization argument as in the 7D case, we end up with two sets of
differential equations on fSL(3)(Ω), in the representation 1 and 5 respectively. That is, if we
expand
δfSL(3)(Ω) = δΩijf
ij(Ω) + δΩijδΩk`f
ij,k`(Ω) +O((δΩ)3), (5.37)
where f ij and f ij,k` are restricted to be traceless with respect to (ij) and (k`), then we must
have relations of the form
ΩijΩk`f
ik,j`(Ω) = bfSL(3)(Ω),
Ωk`f
ik,j`(Ω)− 1
3
ΩijΩk`Ωmnf
mk,n`(Ω) = c
[
f ij(Ω)− 1
3
ΩijΩmnf
mn(Ω)
]
.
(5.38)
Comparison with string tree level contributions indicates that
a = 0, b = 0, c = − 5
12
. (5.39)
In the 1PI quantum effective action of string theory, one encounters a subtlety. Namely,
the 1-loop contribution to R4 coupling in 8D has a non-analytic momentum dependence.
This non-analyticity in the effective action would be removed if we introduce an IR cut off,
or consider a Wilsonian effective action of the massless fields. A priori, the supersymmetry
Ward identities are respected by the Wilsonian effective action, rather than the 1PI effective
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action. An IR cut off would introduce an anomalous transformation of the effective action
under the U-duality symmetry of string theory. In [60], the function f(Ω, U) is defined as
the R4 coefficient in the 1PI effective action, which is invariant under the U-duality group
SL(3,Z) × SL(2,Z). The price to pay, for insisting on manifest U-duality invariance of
the effective action, is that one must modify the naive supersymmetry Ward identity and
allow for an anomalous constant term on the RHS of the Laplace equations for fSL(3)(Ω) and
fSL(2)(U).
5.4 The 9D case
As described in section 3.1, the 8-derivative n-point supervertices in 9D maximal supergravity
are given by δ16(Q) and its CPT conjugate, that contain couplings of the form (δτ)n−4R4
and (δτ)n−4R4, just like in type IIB supergravity. We explained in section 4.2 that there is a
special 5-point supervertex at 8-derivative order that is neutral under the U(1) R-symmetry
and contains the coupling δσR4. On the other hand, there are no 6-point supervertices that
contain either δτδτR4, (δσ)2R4, or δτδσR4. The absence of these supervertices imply the
following constraining relations on the coefficient f(τ, τ¯ , σ) of the R4 coupling:
4τ 22∂τ∂τf = a1∂σf + a2f,
∂2σf = a3∂σf + a4f,
∂τ∂σf = a5∂τf.
(5.40)
where a1, · · · , a5 are constants that are in principle fixed by supersymmetry Ward identities.
It suffices to compare with the structure of string tree level and one-loop contributions to
determine
a1 = −1
2
, a2 =
3
7
, a3 =
3
14
, a4 =
27
49
, a5 = − 9
14
. (5.41)
In particular, this determines that f(τ, τ¯ , σ) takes the form
f(τ, τ¯ , σ) = e−
9
14
σF 3
4
(τ, τ¯) + e
6
7
σC, (5.42)
where F 3
4
is an eigenfunction of the Laplacian on the hyperbolic plane parameterized by
(τ, τ¯), with eigenvalues 3/4, and C is a constant. We emphasize that (5.42) is entirely a
consequence of supersymmetry. Combined with SL(2,Z) symmetry that acts on τ , one can
then fix f(τ, τ¯ , σ) completely, as was explained in [60,62].
5.5 12 and 14-derivative terms
There is a unique 4-point supervertex at 12-derivative order, δ16(Q)(s2 + t2 + u2), that
contains couplings of the schematic form D4R4 + · · · , whose coefficient we denote by f4(φI),
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or f4(g) in the coset notation introduced in the previous subsection. Likewise, there is a
unique 4-point 14-derivative supervertex, δ16(Q)(s3 + t3 +u3), that contains couplings of the
form D6R4 + · · · , whose coefficient we denote by f6(φI), or f6(g). In this section, we analyze
the supersymmetry constraints on f4 and f6.
We begin with the analysis of 12-derivative couplings in D = 5, 4, 3 dimensions. In these
dimensions, the 6-point 1
4
BPS supervertices fit in a single irreducible representation of the
R-symmetry group. The absence of the singlet 6-point 12-derivative supervertex implies,
via the factorization of the 6-point superamplitude, that f4 is an eigenfunction with respect
to the Laplacian on the scalar manifold G/H. Unlike the 8-derivative coupling constraints,
at 12-derivative order, there are no other second order differential constraints on f4. This
is consistent with the proposals of [60] and the classification of supersymmetry invariants
in [40].
There are, on the other hand, independent third order differential constraints, that involve
∇(I∇J∇K)f4. These follow from the absence of 7-point, 12-derivative supervertices in certain
representations of the R-symmetry group (as described in Section 3), and the corresponding
factorization of 7-point superamplitudes (see Figure 4 for the 5D case). The independently
third order differential constraints on f4 are of the form
D = 5 : ∇(I∇J∇K)f4
∣∣
[0200]
∼ ∇(I∇J )f4
∣∣
[0200]
, ∇(I∇J∇K)f4
∣∣
[2001]
= 0,
D = 4 : ∇(I∇J∇K)f4
∣∣
[0200000]
= ∇(I∇J∇K)f4
∣∣
[0000020]
= ∇(I∇J∇K)f4
∣∣
[1001001]
= 0,
D = 3 : ∇(I∇J∇K)f4
∣∣
[01000001]
= 0.
(5.43)
D4(δφIδφJ )[0200]R4
Figure 4: Factorization of the five dimensional 7-point 12-derivative superamplitude through
one D4(δφIδφJ )[0200]R4 supervertex.
Similar higher order differential constraints holds for the coefficient of D4R4 in higher
dimensions. To derive such constraints, we again need to a classification of higher point
supervertices. In higher than five dimensions, due to the smaller R-symmetry groups, there
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appears to be exceptional 1/4 BPS supervertices that do not lie in the R-symmetry orbit
of, for instance, (3.17) in eight dimensions. Nonetheless, all 6-point (and higher) 1/4 BPS
supervertices can be uplifted from 5D using the prescription of section 4.
At the 14-derivative order, the absence of the 6-point supervertex in the singlet of R-
symmetry implies that the Laplacian ∆f6 is dictated by the factorization of the R-singlet
6-point superamplitude at the same momentum order. The latter admits two different factor-
ization channels: through the 14-derivative D6R4 vertex, or through a pair of the 8-derivative
R4 vertices as in Figure 5. Consequently, f6 is subject to a second order differential equation
of the form
∆f6 = af6 + bf
2, (5.44)
where f is the coefficient of R4 coupling, exactly as in the case of type IIB supergravity [28]
(though the coefficients a, b may differ).
D6R4 D6R4 R4 R4
Figure 5: Factorizations of the 6-point 14-derivative superamplitude through one D6R4
supervertex or two R4 supervertices.
These are not the complete set of supersymmetry constraints on f6, however. The non-
singlet components of the 6-point vertex δφIδφJD6R4 do admit local supervertex comple-
tions. We expect independent higher order differential constraints, due to the absence of cer-
tain 7 and higher point supervertices.24 A full classification of the higher point 14-derivative
supervertices will not be attempted here.
5.6 Higher point supervertices
The coefficients of n-point supervertices for n > 4 are related to that of the 4-point super-
vertex at the same derivative order by the soft relations discussed in section 2. For instance,
once we determine the 4-point 8-derivative supervertex f(φ)δ16(Q), the 5-point supervertex
24These are analyzed in [41] from the superspace approach.
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at the same derivative order is given by
∂
∂φI
f(φ) êI ·
[
v̂ δ16
( 5∑
i=1
Qi
)]SO(5)R
(5.45)
Here êI and v̂ are auxiliary tensors in the [2, 0] representation space of SO(5)R. The ê
I is a
set of unit basis tensors, and v̂ is the highest weight state of SO(5)R in the representation
[2, 0], while the 5-point supervertex δ16(Q) is the lowest weight state in its SO(5)R orbit.
The superscript in (5.45) stands for the average over the SO(5)R rotation on v̂ and δ
16(Q)
simultaneously. In the vacuum where φ acquires expectation value φ0, the supervertex (5.45)
contains scalar-graviton couplings of the form ∂φIf(φ0) δφ
IR4.
The soft relations fix all the 8-derivative supervertices in terms of the 4-point supervertex
f(φ)δ16(Q). Likewise, all the 12-derivative supervertices in terms of the 4-point supervertex
f4(φ)δ
16(Q)(s2+ t2+u2). These 12-derivative supervertices are linear combinations of SO(5)
rotations of δ16(Q)
∑
i<j s
2
ij.
At 14-derivative order, there are a set of new independent n-point supervertices for n ≥ 6.
This is because δ16(Q)
∑
i<j s
3
ij and δ
16(Q)
∑
i<j<k s
3
ijk, where sijk ≡ −(pi + pj + pk)2, are
generally independent for n ≥ 6 [52]. While the sum of the coefficients of these two 6-
point couplings is determined by the soft limit, in terms of derivatives of the coefficient
f6(φ) of D
6R4, the individual 6-point coefficients are not fixed by such a relation. The
argument based on factorization of 8-point superamplitudes at 14-derivative order indicates
that the coefficients of δ16(Q)
∑
i<j s
3
ij and δ
16(Q)
∑
i<j<k s
3
ijk should still obey second order
differential equations in φI , whose sources are quadratic in derivatives of f(φ).
Let us illustrate the supersymmetry constraints on these 6-point couplings, in the example
of a type IIB supergravity theory in ten dimensions. Suppose we have the following 6-point
supervertex at 14-derivative order,
δ16(Q)
[
F1(τ, τ¯)
∑
1≤i<j≤6
s3ij + F2(τ, τ¯)
∑
1≤i<j<k≤6
s3ijk
]
, (5.46)
corresponding to couplings of the schematic form D6(δτ)2R4 + · · · . Taking the soft limit on
p6, we obtain the 5-point supervertex
δ16(Q) [F1(τ, τ¯) + 2F2(τ, τ¯)]
∑
1≤i<j≤5
s3ij. (5.47)
Thus, from the soft relation discussed in section 2, we learn that
F1(τ, τ¯) + 2F2(τ, τ¯) = ∇2τf6(τ, τ¯) = (∂2τ −
i
τ2
∂τ )f6(τ, τ¯), (5.48)
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D6(δτ)2R4 D6(δτ)2R4
R4
(δτ)2R4 δτR4 δτR4
Figure 6: Factorizations of the 8-point 14-derivative superamplitude through D6(δτ)2R4
supervertices, one R4 supervertex and one (δτ)2R4 supervertex, and a pair of δτR4 super-
vertices respectively.
where f6 is the coefficient of the 4-point supervertex δ
16(Q)
∑
1≤i<j≤4 s
3
ij, corresponding to
the coupling D6R4 + · · · .
In order to further constrain F1 (or F2), we need to consider the 8-point amplitude with
an extra pair of τ, τ emissions. The absence of a local supervertex of this form leads to the
relation
∆F1 = aF1 + b∇2τf6 + cf0∇2τf0 + d(∂τf0)2, (5.49)
where the RHS come from the possible factorization channels of the 8-point superamplitude
(Figure 6). f0(τ, τ¯) is the coefficient of the R
4 supervertex. ∆ is the Laplacian operator
on a covariant tensor of weight (2, 0) in (τ, τ¯), on the hyperbolic plane. A priori, a, b, c, d
are constants fixed by supersymmetry Ward identities. One may try to determine these
constants by comparison with string perturbation theory. However, unlike the differential
equation for f6, which involves two coefficients that can be fixed by comparison with tree
level and one-loop string amplitudes, to fully determine the coefficients in (5.49) may require
knowing the explicit contributions to the 6-point amplitude at 14-derivative order from up
to 3-loop string amplitudes. Alternatively, one may try to solve the supersymmetry Ward
identities on a general 6-point nonlocal superamplitude at 14-derivative order directly. We
leave this to future work.
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6 Summary and discussions
In this paper we gave a conjectural classification of 1
2
BPS supervertices in maximal super-
gravity theories in spacetime dimension D for 3 ≤ D ≤ 9. In dimension 7 and below, all
n-point 8-derivative supervertices are in the R-symmetry orbit of δ16(Q). In D = 8, there
is an additional set of n-point supervertices V ±n , that transforms under the SO(3)× SO(2)
R-symmetry group as singlets of SO(3) and charged under the SO(2). In D = 9, there is an
exceptional 5-point supervertex that is neutral under the U(1) R-symmetry.
Families of 1
4
BPS supervertices are constructed as well, starting at 6-point, 12-derivative
order. Our construction appears to be exhaustive in spacetime dimensions 5 and below. We
also gave examples of 1
8
BPS supervertices, although they have not been classified in detail.
We further showed that among the 1
2
BPS supervertices of 9D supergravity, only the
4-point supervertices of the form δ16(Q)F(s, t, u) can be lifted to Lorentz invariant superver-
tices in 11 dimensions. It is likely that they exhaust all F-term supervertices in 11D, although
this remains to be proven. If this is true, it would imply that the only F-term supervertices
that control the M-theory effective action in eleven dimensions are 4-point supervertices that
contain R4, D4R4, and D6R4 couplings.25 The existence of such couplings and their coeffi-
cients in the M-theory effective action have been previous established [21]. Our argument for
the non-renormalization conditions, based on factorization of superamplitudes, then suggests
that all M-theory amplitudes up to 14-th order in the momentum expansion can be fixed by
the coefficients of these supervertices. In principle, this should determine up to R7 terms in
the derivative expansion of the M-theory effective action. In practice, one may construct the
exact 11 dimensional amplitudes at these orders in the momentum expansion by uplifting
perturbative string amplitudes in lower dimensions.
The main application of the classification of F-term supervertices in this paper is the
derivation of the non-renormalization conditions on the moduli dependence of F-term cou-
plings, such as f(φ)R4, f4(φ)D
4R4, and f6(φ)D
6R4, in lower dimensional maximal super-
gravity theories. We find that for 3 ≤ D ≤ 9, besides an equation that asserts f(φ) is
an eigenfunction of the Laplacian on the scalar manifold G/H, as was proposed in [59, 60],
there are additional constraints on the Hessian of f(φ). We verified explicitly in dimensions
6 and above that these constraining equations on the R4 coupling coefficient are precisely
consistent with previous proposals [59, 60] in toroidally compactified type II string theory,
based on automorphic functions of the U-duality group.
The constraints on f4 is more intricate. Besides the condition that f4 is an eigenfunction
25The uplifting procedure from 9D also assumes that the number of independent momenta in the vertex
is no more than 9. So our construction of 11D supervertices by uplifting from 9D a priori only applies to
n-point supervertices for n ≤ 10.
46
of the Laplacian, there are no other second order differential constraints on f4, as we have
seen through the explicit construction of 6-point, 12-derivative supervertices in dimensions
D = 5, 4, 3. On the other hand, f4 is subject to a set of third order differential equations. Our
results are consistent with that of [40], where the same problem is analyzed using harmonic
superspace.
We pointed out that at 14-derivative order, there is a new set of F-term supervertices that
arise at 6-point order and higher, due to independent supervertices of the form δ16(Q)
∑
s3ij
and δ16(Q)
∑
s3ijk. The structure of supersymmetry constraints on these couplings was dis-
cussed in section 5.3, but the precise coefficients in these equations are not yet fixed. Without
trying to solve supersymmetry Ward identities on 8-point superamplitudes directly, to fully
determine these equations requires more input from string perturbation theory (involving
6-point amplitudes). This is an interesting problem that could provide new tests of string
perturbation theory at higher loop order and S-duality, which we leave to future work.
Thus far, we have little to say about the D-terms, whose coefficients appear to be un-
constrained as functions of the moduli fields. Let us contrast our result with that of the
Abelian effective action on the Coulomb (or tensor) branch of maximally supersymmetric
gauge theories (or the 6D (2, 0) theory) [18–20,26,27,29]. In the gauge theory context, there
are 16 rather than 32 supersymmetries, and F-terms only arise at 4 and 6-derivative orders.
However, when the theory at the origin of the Coulomb branch is a superconformal theory,
the Coulomb branch effective action is also controlled by spontaneously broken conformal
symmetry [74–76], which introduces strictly stronger constraints than supersymmetry alone.
Do the effective actions of maximal supergravity or toroidally compactified type II string
or M-theory admit similar hidden symmetries? Proposals on the exact D-term couplings,
such as D8R4, were made in [21, 22, 77–79]. It is not clear to us why such couplings would
be subject to non-renormalization conditions. If they are, then some yet unknown hidden
symmetry may be at play.
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